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FOREWORD 


The  great  effect  of  the  damping  properties  of  a  mechanical 
system  on  its  behavior  on  vibrations  is  well  known;  these  proper¬ 
ties  acquire  particular  significance  in  resonance  conditions,  when 
the  amplitudes  of  oscillations  become  limited  as  a  result  of  pre¬ 
cisely  this  damping.  Factors  causing  damping  of  vibrations  of  any 
system  are:  influence  of  the  medium  in  which  the  vibrations  are 
performed  (aero-  and  hydrodynamic  damping),  internal  friction  in 
the  material  and,  finally,  friction  in  supports  and  couplings. 

In  those  cases  when  the  above  types  of  damping  do  not  suffi¬ 
ciently  limit  of  amplitude  of  vibrations,  special  devices,  called 
vibration  dampers  (or  dampers),  are  Introduced  into  the  system; 
for  appropriate  parameters  these  dampers  become  the  most  effective 
medium  for  vibration  damping.  However,  the  Introduction  of  special 
dampers  can  in  no  way  be  regarded  as  an  universal  method,  if  we 
keep  in  mind  the  large  variety  of  possible  mechanical  systems;  var¬ 
ious  structural  or  service  considerations  frequently  pre  'ent  the 
installation  of  vibration  dampers. 

Therefore,  in  the  overwhelming  majority  of  actual  structures 
damping  is  created  by  the  action  of  the  medium,  friction  in  the 
material  and  friction  in  the  supports  and  couplings.  The  first  two 
of  these  factors  were  most  thoroughly  investigated.  The  investiga¬ 
tion  of  the  action  of  the  medium  on  a  vibrating  elastic  system  bel¬ 
ongs  to  the  field  of  hydro-  and  aerodynamics;  great  successes  achie¬ 
ved  in  this  field,  in  particular  in  conjunction  with  important  prob- 
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investigated,  extensive  experimental  material  has  been  collect'd  and 
a  volmnn  of  reliable  information  on  qualitative  and  quantitative 
characteristics  of  various  materials  has  been  obtained  as  of  today. 

We  should,  however,  confess  that  the  effect  of  this  factor  on  the 
damping  properties  of  the  majority  of  actual  structures  was  often 
overest imat ed . 

It  has  at  present  become  entirely  clear  that  in  the  overwhelm¬ 
ing  majority  of  cases  the  most  important  role  is  played  by  friction 
losses  in  couplings  of  mechanical  systems.  Two  classes  of  cases 
should  be  here  distinctly  distinguished:  1)  friction  in  moving  coup¬ 
lings  (of  the  type  of  bearings,  guides,  etc.);  2)  friction  in  per¬ 
manent  joints  (press-fit,  riveted,  slotted,  threaded  and  the  like). 
While  the  problem  of  friction  In  moving  joints  has  been  studied  for 
a  long  time  and  is  rather  extensively  illuminated  in  the  literature, 
fraction  in  permanent  joints  was  subjected  to  investigation  quite 
recently,  although  it  is  of  foremost  significance  in  damping  of  dy¬ 
namic  processes  in  machinery,  ship  and  aircraft  structures  and  many 
other  mechanical  systems.  The  last  type  of  damping  is  further  called 
structural  damping;  we  shall  utilize  this,  possibly  insufficiently 
exact,  tern  for  the  want  of  a  better  one. 

Not  much  time  has  passed  from  the  publication  of  the  first  papers 

specially  devoted  to  the  problem  of  structural  damping;  however  sig¬ 
nificant  theoretical  and  experimental  material,  pertaining  to  the 
most  varied  types  of  Joints  has  been  collected  at  present.  The  pre¬ 
sent  work  represents  an  attempt  to  generalize  all  the  results  ob- 
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tained  In  this  field,  here  the  basic  content  of  the  book  pertains  to 
the  theory  of  structural  damping;  problems  of  experimental  character 
are  illuminated  only  to  the  extent  necessary  for  reinforcement  of 
theoretical  calculations.  Alongside  with  a  detailed  presentation  of 
materials  obtained  by  the  authors  in  the  applied  mechanics  labora¬ 
tory  of  the  Automation  and  Mechanics  Institute  of  the  Latvian  SSR 
Academy  of  Sciences  works  of  other  investigators  are  also  illumina¬ 
ted. 

§§  6  and  7  were  written  by  N.G.  Kalinin,  §§  12,  and  14-16  -  by 
Yu. A.  Lebedev,  §§  8  and  9  -  by  V.I.  Lebedeva,  the  introduction,  §§  1, 
13,  18  and  the  conclusion  -  by  Ya.G.  Panovko,  §§  2  and  3  -  by  G.I. 
Strakhov.  Section  17  was  written  by  N.G.  Kalinin  and  Yu. A.  Lebedev, 
§§  4,  5,  10,  11,  19,  20  and  21  -  by  Ya.G.  Panovko  and  G.I.  Strakhov. 
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INTRODUCTION 


As  has  been  pointed  out  in  the  preface,  a  distinction  should  be 
made  between  the  cases  of  friction  in  moving  joints  and  cases  of 
friction  in  permanent  Joints.  The  point  of  the  matter  is  that  in 
solving  problems  of  the  first  type  it  is  natural  to  ignore  the  fact 
that  the  elements  making  up  the  kinematic  pair  are  deformable,  and 
to  consider  them  to  be  entirely  rigid;  in  the  solution  of  problems 
of  the  second  type  it  is  impossible  to  ignore  deformations  and  it 
becomes  necessary  to  simultaneously  consider  both  the  friction  for¬ 
ces  along  contact  areas  and  the  deformation  of  the  joined  elements. 

It  is  understood  that  the  term  "permanent  joint"  should  be  taken 
conventionally,  since  we  will  everywhere  assume  a  certain  mobility, 
caused  by  small  deformations  and  relative  slip  of  the  joint  elements. 
The  energy  dissipation  phenomenon  in  permanent  joints  on  their  cycli¬ 
cal  loading  will  subsequently  be  called  structural  damping. 

The  Importance  of  structural  damping  for  dynamic  processes  in 
mechanical  systems  has  been  known  for  some  time,  but  it  is  only 
recently  that  reliable  experimental  data  conclusively  confirming 
the  paramount  significance  of  structural  damping  in  the  most  differ¬ 
ent  structures  have  been  obtained.  Thi3  pertains  mainly  to  mechani¬ 
cal  systems  in  operation  of  which  it  is  impossible  to  entirely  elim¬ 
inate  resonance  modes  (ship  and  aircraft  structures,  turbine  buckets 
and  the  like).  The  distinguishing  feature  of  structural  damping  is 
the  known  possibility  of  "controlling"  the  frictional  losses  in  coup¬ 
lings;  thus,  a  change  in  the  forces  exerted  by  mutual  compression 


between  elements  makinc  up  a  structure  can  In  some  cases  Increase 
energy  dissipation  and  in  others  -  decrease  it.  Ely  virtue  of  the  same 
fact  the  designer  finds  himself  in  a  situation  (at  least  within  cer¬ 
tain  limits)  where  he  can  control  the  damping  in  the  system. 

In  published  experimental  works  relatively  much  attention  was 
paid  to  experimental  investigations  of  energy  dissipation  on  cyclical 
deformation  of  riveted  joints  (mainly  in  conjunction  with  the  opera¬ 
tion  of  metal  structures  in  engineering  installations).  In  particular, 
the  substantial  influence  of  the  degree  of  compression  of  structural 
elements  on  energy  dissipation  attendant  to  cyclical  loadings  lias 
been  established  long  ago;  this  Influence  follows  directly  from  the 
dependence  of  dry  friction  developed  in  the  joint  on  the  normal  pres¬ 
sure.  More  than  thirty  years  ago  I.M.  Rabinovich  [19]  has  proposed  to 
estimate  the  state  of  riveted  bridge  joints  by  an  experimentally  de¬ 
termined  absorption  coefficient.*  G. A.  Shapiro's  book  [31],  in  which 
the  methodology  of  determination  of  frictional  forces  is  developed 
and  the  description  of  experimental  equipment  and  special  apparatus 
is  given,  is  specially  devoted  to  the  damping  properties  of  riveted 
joints. 

The  importance  of  damping  created  in  riveted  joints  can  also  be 
inferred  from  the  results  of  tests  on  hulls  of  river  and  sea  vessels 
(Taylor  [39]*  N.N.  Babayev  [1]  and  Kumal  [34]);  it  has  beer,  establish¬ 
ed  that  riveted  hulls  of  sea  and  river  vessels  have  a  considerably 
larger  absorption  coefficient  in  comparison  with  welded  hulls  of  the 
same  type. 

A  similar  phenomenon  is  observed  in  housings  of  gas  turbines, 
where  the  utilization  of  riveted  Instead  of  welded  joints  makes  it 
possible  to  significantly  lower  the  amplitudes  of  vibrations.  It  has 
been  established  in  the  Reference  by  A.M.  Soyfer  and  V.P.  Filekin  [24] 
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that  successful  damping  of  vibrations  Jn  gar  turblnw  housings  cor-  be 
achieved  by  utilising  special  damping  welded  soarr.s.  The  latter  differ 
from  ordinary  welded  serum*  by  the  fact  tliat  r.-  '■<  relal. l.ve  si  Ip  of 
welded  components,  within  limits  allowed  by  the  seam  strength.  Is 
possible.  Comparative  tests  of  damping  seams  of  different  designs 
have  shown  that  the  largest  absorption  coefficient  is  provided  b./ 
seams  executed  by  means  of  spot  welding. 

A.M  Soyfer's  articles  [21,  22]  are  devoted  to  a  systematic  ex¬ 
perimental  study  of  structural  damping  in  gas  turbine  components.  It 
is  proven  in  these  articles  that  structural  means  are  solely  effective 
for  damping  of  inevitably  arising  vibrations.  The  author  suggests  a 
number  of  design  schemes;  thus,  application  of  a  special  wire  braid¬ 
ing  on  the  gas  turbine  pipelines  has  made  it  possible  to  considerably 
decrease  the  amplitude  of  resonance  vibrations.  Even  more  substantial 
results  were  obtained  with  special  wire  dampers. 

An  Important  question  about  vibration  damping  in  banks  of  tur¬ 
bine  buckets  was  investigated  by  A.D.  Kovalenko  [9]  and  a  number  of 
other  authors.  A.M.  Soyfer  in  Reference  [23]  suggests  the  utiliza¬ 
tion  of  a  special  design  of  the  working  part  of  the  bucket  with  a 
core  as  a  damper  of  vibrations  of  a  turbine  or  gas  turbine  pump 
bucket.  A  metal  core  is  fitted  with  positive  or  negative  allowance 
inside  the  hollow  bucket;  relative  displacements  of  the  core  and  the 
bucket  occur  on  segments  of  contact  on  cyclical  deformations  of  the 
bucket,  with  the  result  that  a  part  of  the  energy  is  lost  in  over¬ 
coming  the  frictional  force.  Di  Taranto,  in  Reference  [32],  has  in¬ 
vestigated  the  effectiveness  of  steel  wire  clusters  introduced  into 
the  bucket.  The  energy  dissipation  in  this  case  occurs  not  only  due 
to  friction  at  the  surface  of  contact  of  the  bucket  with  the  core, 
but  also  at  the  expense  of  friction  between  individual  wires  within 
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the  cluster  proper. 


D.N.  Reshetov  and  Z.M.  Levin  [20]  have,  on  the  basic  of  a  large 
number  of  experiments,  determined  the  energy  dissipation  characteris¬ 
tics  in  flat,  cylindrical  and  tapered  machine-tool  component  .joints 
and  have  discovered  optimal  dimensions  of  these  joints  from  the  point 
of  view  of  largest  energy  dissipation.  On  the  basis  of  analysis  of 
experimental  results  the  authors  have  established  operating  condi¬ 
tions  under  which  the  greatest  energy  dissipation  is  obtained  and 
they  have  also  performed  a  comparative  estimate  of  the  effectiveness 
of  the  different  types  of  dampers.  In  particular,  structural  hyster¬ 
esis  dampers  were  investigated;  it  was  also  established  that  stacked 
dished  dampers  as  well  as  stacked  dampers  with  rippled  spacers  are 
the  best.  The  dished  disks  are  deformed  when  the  stacks  are  compressed, 
slip  takes  place  on  the  tapered  contact  surfaces  and  irreversible 
friction  work  is  performed.  Stacked  dampers  [made  from]  rippled 
plates  operate  similarly.  The  elastic  properties  of  a  rippled  plate 
are  directionally  anisotropic:  the  plate's  rigidity  in  the  direction 
of  the  ripples  is  considerably  greater  than  the  rigidity  in  the  trans¬ 
verse  direction.  The  compression  of  a  rippled  spacer  between  rigid 
plates  is  accompanied  by  an  expansion  of  the  plate  in  a  direction  per¬ 
pendicular  to  the  ripples.  This  expansion  results  in  the  displacement 
of  the  ripples  relative  to  the  rigid  plates  which,  in  turn,  results  in 
the  appearance  of  the  work  of  frictional  forces.  According  to  the 
authors'  data,  the  energy  absorption  coefficient  reaches  the  value  of 
1.4  -  1.6. 

V.L.  Bideiman,  Reference  [2]  and  I.G.  Parkhilovskiy,  Reference 
[16],  have  experimentally  investigated  energy  dissipation  in  stacked 
systems  of  the  leaf-spring  type. 

Biergy  dissipation  in  [railroad]  car  suspensions  is  considered 
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In  I.V.  Krasavin's  dissertation  [10].  It  is  shown  In  Reference  [27 J 
that  the  Intensity  of  the  dissipated  energy  in  a  bank  of  elastic 
cantilevered  beams  with  mutual  contact  at  the  end  sections  only,  de¬ 
pends  substantially  on  the  normal  pressure  at  the  contact  surface. 

Only  by  changing  the  compressing  force  of  the  leaves  does  it  become 
possible  to  obtain  a  several- fold  lowering  of  the  maximal  magnitude 
of  vibrational  stresses.  Experimental  results  were  obtained  in  the 
work  for  a  schematized  twin- leaf  spring.  The  work  by  Meyer  [35]  is 
devoted  to  a  closely  related  topic. 

The  effect  of  frictional  forces  in  collet  Joints  was  experimen¬ 
tally  Investigated  by  E.L.  Poznyak  f  17 3  in  conjunction  with  the  phe¬ 
nomena  of  shaft  rotation  instability  in  the  supercritical  region.  As 
we  know,  forces  of  internal  friction  in  the  material  or  couplings  of 
the  rotor  can  be  the  cause  of  "swingout"  of  vibrations;  the  friction¬ 
al  forces  in  these  cases  exert  an  Influence  opposite  to  that  of 
damping  and  are  of  substantial  significance,  although  in  a  different 
sense  than  for  permanent  joints.  The  effect  of  structural  friction 
on  shaft  rotation  instability  is  Investigated  also  by  M.I.  Chayevskiy, 
Reference  [30a]. 

Goodman  and  Klamp  [33]  and  Plan  and  Hallowell  [38]  have  experi¬ 
mentally  investigated  energy  dissipation  in  composite  beams,  consist¬ 
ing  of  layers  pressed  tightly  together;  here  the  tangential  forces  of 
interaction  between  the  layers  on  bending  of  the  beam  are  realized 
only  in  the  form  of  frictional  forces.  It  has  been  established  that, 
in  structures  of  this  type,  energy  dissipation  resulting  from  friction 
along  contact  surfaces  exceeds  manyfold  the  energy  dissipation  due  to 
internal  friction  in  the  material  of  the  beam's  components. 

Certain  new  experimental  data  about  energy  dissipation  in  models 
of  riveted  beams  and  in  threaded  Joints  are  described  below  in  Chap- 
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ters  5  and  6. 

We  have  touched  above  on  experlim  ntaJ  investigations  pertaining 
to  the  problem  of  structural  damping.  Altogether,  those  Investiga¬ 
tions  conclusively  prove  the  paramount  importance  of  structural  damp¬ 
ing  for  systems  of  the  most  different  types. 

Theoretical  investigations  of  problems  of  structural  damping 
also  begin  to  appear  gradually.  They  pertain  to  simplified  typical 
schemes  and  are  constructed  upon  two  basic  assumptions  of  a  general 
character:  the  material  of  the  joint  components  is  assumed  to  be 
completely  elastic  and  the  frictional  properties  of  contact  surfaces 
are  described  by  the  law  of  dry  friction. 

The  bending  of  a  cantilever  reinforced  at  the  top  and  bottom 
by  thin  pressure  plates  is  considered  in  Reference  [38];  the  pressure 
plates  are  pressed  to  the  beam  and  take  up  a  part  of  the  cantilever's 
length,  without  reaching  the  fastening  surface  (Fig.  la).  It  is  assum¬ 
ed  that  when  the  cantilever  is  loaded  by  a  transverse  end  force,  only 
frictional  forces  Impede  the  slip  of  the  pressure  plates  relative  to 
the  beam.  The  interaction  between  the  pressure  plates  and  the  beam 
is  different  on  two  segments  of  the  pressure  plate's  length.  Near  the 
end  of  the  beam  the  tangential  forces  between  the  pressure  plates  and 
the  beam  are  determined  by  the  ordinary  formula  of  strength  of  mater¬ 
ials,  here  the  tangential  forces  are  smaller  than  the  limiting  value 
=  J^>  (f  is  the  friction  coefficient  and  j>  is  the  specific  pressure 
on  the  contact  surface);  the  pressure  plates  do  not  slip  along  the 
beam.  However,  it  is  required  for  the  equilibrium  of  the  pressure 
plates  that  the  direction  of  tangential  forces  in  its  remaining  length 
be  opposite  to  the  direction  at  the  first  segment;  the  pressure  plate 
does  slip  along  the  beam  at  this  second  segment  and  the  tangential 


-  9  - 


forces  are  equal  to  <iQ.  The  loading  of  the  top  pressure  plate  is 
shown  In  Pig.  lb;  the  bottom  pressure  plate  is  loaded  in  a  like  man- 
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ner  (the  tangential  forces  acting  on  it  arc  of  opposite  directions). 

It  should  be  kept  in  mind  that  the  slip 
zone  appears  for  any  as  small  as  desired 
values  of  the  force  oP.  (Here  and  subse¬ 
quently  we  denote  by  a  a  dimensionless 
load  parameter,  varying  between  the  limits 
“1  5*  a  ^15  ?  is  the  maximal  magnitude  of 
the  force.) 

Goodman  and  Klamp  [33]  have  solved 
the  problem  of  cyclical  loading  of  a  can¬ 
tilevered  beam,  consisting  of  two  identi¬ 
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cal  layers;  the  latter  pressed  to  one  another  by  a  given  pressure 
(Fig.  2).  As  long  as  force  aP  is  small,  the  tangential  forces  £,  de¬ 
termined  by  the  ordinary  strength  of  materials  formula,  are  smaller  than 


the  limiting  value  q^  there  is  no  rela¬ 
tive  slip  between  the  beam  layers  and  the 
cantilever  bends  as  a  beam  with  a  mono¬ 
lithic  eross  section.  No  energy  dissipa¬ 
tion  occurs  at  this  stage. 

When,  in  the  process  of  Increasing  the  force,  the  tangential 
forces  reach  the  limiting  value  q^,  slip  will  occur  between  the  beam 
elements  and  the  frictional  forces  will  perform  a  certain  irreversible 
work.  Goodman  and  Klamp  have  analyzed  an  entire  symmetrical  loading 
cycle  and  have  found  the  area  of  the  hysteresis  loop.  It  turned  out 
that  this  area  depends  in  a  peculiar  manner  on  the  given  pressure 
between  the  beam  components;  it  was  established,  in  particular,  that 
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there  exists  a  certain  optimal  value  of  the  pressure  for  which  the 
energy  dissipated  during  a  single  cycle  becomes  largest.  This  fact 
can  be  interpreted  in  the  following  manner.  When  pressure  £  is  ab¬ 
sent,  no  frictional  forces  are  developed  and  there  is  no  energy  dis¬ 
sipation.  On  the  other  hand,  no  energy  dissipation  will  exist  for 
sufficiently  large  values  of  pressure,  since  slip  between  beam  layers 
is  [then]  absent.  A  similar  problem  with  a  composite  beam  in  the  ab¬ 
sence  of  slip  at  the  ends  is  solved  by  V.L.  Filekin  [30]. 

V.I.  Feodosev  [293  has  solved  the  problem  of  redistribution  of 
tangential  forces  in  a  press-fit  joint,  described  in  Fig.  3a.  It  is 
assumed  that  the  shaft  is  held  in  the  sleeve  by  frictional  forces 
only  and  that  the  contact  tension  stress  creating  these  frictional 
forces  is  constant  along  the  entire  length  of  the  contact  zone. 

The  greatest  value  of  load  aM  is  con¬ 
sidered  to  be  small  enough  so  that  the 
shaft  does  not  rotate  at  all  within 
the  sleeve.  Since  the  sleeve  and  the 
shaft  are  not  absolutely  rigid,  slip 
at  the  contact  surface  will  begin  for 
any,  as  small  as  desired,  values  of  a>! 
here  the  slip  zones  will  adjoin  the  end 
of  the  shaft  and  the  end  of  the  sleeve. 
The  graphs  of  the  torsional  moments  in  the  shaft  and  sleeve  sections 
for  the  first  loading  stage  are  shown  in  Fig.  3b  and  c.  The  substan¬ 
tial  peculiarity  of  structural  hysteresis  in  permanent  joints  is 
distinctly  seen  in  this  case:  a  slnglevalued  determination  of  fric¬ 
tional  forces  is  impossible  without  an  analysis  of  the  deformation  of 
the  mating  elements. 
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Fig.  3 


Cyclical  loading  of  a  press-fit  shaft-sleeve  joint  by  longltu- 
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dinal  forces  (Pig.  4),  is  systematic¬ 
ally  considered  in  Article  [ 1 4 ] . 

The  diagrams  of  the  distribution 
of  longitudinal  forces  in  the  shaft 
and  sleeve  sections  are  in  this  case 
similar  to  the  diagrams  in  Pig.  3b.  The  Reference  investigates  the 
entire  cycle* loading  -  unloading  -  loading, and  determines  the  energy 
dissipated  during  one  such  cycle.  The  effect  of  transverse  deforma¬ 
tions  of  a  shaft  on  the  dissipated  energy  is  investigated  in  Refer¬ 
ence  [25];  these  deformations  are  unavoidable  on  longitudinal  loading 

of  the  Joint  under  consideration  and  in 
certain  cases  are  of  substantial  signi¬ 
ficance. 

Structural  hysteresis  resulting 
from  slip  arising  between  individual 
wires  is  also  observed  in  elongation  of 
wire  cables.  This  problem  was  investiga¬ 
ted  by  S.D.  Ponomarev  [18]  (see  also  [4]). 

The  construction  of  the  hysteresis  loop  for  a  spring  was  given 
by  V.L.  Bideman  [2]  and  in  Reference  [27]. 

The  case  of  bending  of  a  beam  with  pressure  plates  pressed  to  it, 
described  in  Pig.  5,  is  considered  in  Reference  [14].  The  beam,  at 
its  middle  segment,  defoxms  together  with  the  pressure  plates  and 
pure  bending  in  the  ordinary  sense  of  the  phrase  is  taking  place; 
tangential  forces  are  absent  along  the  mating  surfaces  of  the  pres¬ 
sure  plates  and  the  beam.  The  end  segments  of  the  pressure  plates  are 
loaded  in  a  manner  shown  in  Fig.  5b;  furthermore,  the  tangential  for¬ 
ces  qQ  are  uniformly  distributed  along  the  length  a  of  the  end  seg¬ 
ment;  they  balance  the  force  N  devolving  upon  the  middle  segment  of 
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the  pressure  plate.  It  Is  understood  that  the  length  a  increases 
gradually  during  the  process  of  increase  of  the  moment  aM. 

The  investigation  of  the  role  of  frictional  forces  in  a  torsion 
beam,  a  schematic  of  which  is  presented  in  Fig.  6,  is  due  to  N.F. 
Karpachev  [73*  The  torsion  beam  represents  a  bank  of  leaves  pressed 
to  one  another  at  their  ends,  which  is  twisted  by  two  end  couples. 

The  energy  dissipation  attendant  to  the  compressing  of  a  disk 
bank  is  studied  in  Article  [26].  The  bank  consists  of  disks  made  of 
materials  having  different  mechanical  characteristics  (a  pair  of  disks 
is  described  in  Fig.  7).  If  the  friction  coefficient  is  equal  to  zero 
and  no  frictional  forces  arise  on  the  contact  surface  between  the 


Fig.  6  Fig.  7 

disks,  then  the  axial  deformations  of  disks  with  different  moduli  of 
elasticity  *  will  also  be  different  and,  consequently,  the  radial 
deformations  will  also  be  different,  even  for  identical  Poisson's 
ratios.  It  Is,  therefore,  obvious  that  if  f  ^  0,  then  frictional 
forces  will  inevitably  arise  at  the  contact  surface  (these  frictional 
forces  are  shown  in  Fig.  7)  • 

The  scheme  of  the  frictional  clutch.  Investigated  in  Reference 
[13]  and  represented  in  Fig.  8,  also  pertains  to  this  class  of  prob¬ 
lem.  Two  disks  pressed  one  against  another  created  a  coupling,  capa- 
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blc  of  transmitting,  by  virtue  of  friction,  a  torque  not  exceeding  the 


limiting  value  M^>r,  for  which  clip  between  the  dick:;  takes  place.  If 
the  condition  oM  <  Mpr  ic  satin fled,  then  a  certain  annular  clip  zone 

the  radius  of  which  ic  email or  than  the  out- 

#slde  radiuc  and  v/hich  incroacec  with  the  in~ 
|  crease  in  the  given  torque,  ic  created  in 

the  loading  process.  An  annular  zone  of 
rigid  coupling  of  the  dicks  is  formed  on 
®  their  periphery. 


Structural  damping  in  a  thin-walled  beam  is  investigated  in  Ref¬ 
erence  [6J.  It  is  assumed  that  the  wall  resists  shear  only  and,  there¬ 
fore,  the  transverse  force  in  each  cross  section  of  the  beam  is  re¬ 
sisted  by  the  wall,  and  the  bending  moment  -  by  the  flanges.  The  wall 
is  pressed  to  the  rods  (flanges  and  supports)  by  forces  of  constant 
intensity.  Only  shear  deformations  of  the  wall  in  that  zone  A  (Fig.  9)> 
where  the  wall  is  pressed  to  the  rods,  are  taken  into  account  in  the 
determination  of  relative  slip  between  the  wall  and  the  flanges. 
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Fig.  10 


In  all  the  enumerated  cases  the  tangential  forces  of  interaction 
between  the  mating  elements  are  assumed  to  be  realized  in  the  form 
of  frictional  forces  only.  Systems  of  this  type  can  be  called  systems 


in  which  the  interaction  between  the  elements  is  of  purely  frictional 
character. 

In  addition  to  these  systems,  a  series  of  other  Important  schemes 
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In  which  the  frictional  forces  of  Interaction  between  the  elements  are 
accomplished  both  In  the  form  of  friction  as  well  as  In  the  fom  of 
an  elastic  resistance  to  slip,  was  considered;  riveted  Joints  should 
primarily  be  counted  among  this  type  of  joints.  We  shall  call  these 
systems  systems  with  an  elastic- frictional  character  of  Interaction 
between  the  elements. 

Plan,  in  Reference  [36],  has  Investigated  structural  damping  In 
a  beam  with  pressure  plates  (Fig.  10).  This  scheme  differs  from  that 
shown  In  Fig.  1  by  the  fact  that  the  pressure  plates  are  clamped  to 
the  beam  by  rivets,  which  exert  an  elastic  resistance  to  the  slip  of 
the  pressure  plates  relative  to  the  beam. 

Two  types  of  riveted  Joints,  represented  In  Fig.  11, are  system¬ 
atically  investigated  in  Reference  [11].  19ie  first  scheme  constitutes 
two  elastic  strips,  Joined  by  a  riveted  seam  by  means  of  two  cover 
plates;  the  connection  transmits  a  cyclically  variable  longitudinal 


Fig.  11 

force.  The  second  scheme  Is  a  natural  generalization  of  the  scheme 
given  In  Fig.  5;  a  beam  with  two  riveted  pressure  plates  loaded  by 
two  end  bending  couples.  As  It  turned  out,  a  certain  optimal  value  of 
the  clamping  force  on  the  two  pressure  plates,  ensuring  greatest  struc¬ 
tural  damping,  exists  also  In  this  case. 

The  threaded  Joint,  considered  In  Reference  [15],  also  belongs 
among  these  types  of  systems  with  elastlc-frlctlonal  character  of 
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interaction.  A  certain  relative  clip  ol‘  the  bolt  and  nut  thread:;  occurs 
on  loading  cl*  this  connection;  the  frictional  force:;  which  are  develop¬ 


ed  arc  the  euiu.o  of  the 
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The  above  gives  a  certain  conception  o 


in. 

!*  the  variety  of*  the  experi¬ 


mental  and  theoretical  material  accumulated  during  the  last  fo;  /cars. 
However,  it  cannot  as  yet  be  assumed  that  the  scope  of  these  Investi¬ 
gations  corresponds  to  the  great  practical  importance  of  the  problem 
of  structural  damping.  A  multitude  of  problems  still  awaits  their 
theoretical  solution,  and  a  series  of  concrete  design  schemes  -  their 
experimental  investigation. 

We  subsequently  present  a  systematic  presentation  of  solutions 
pertaining  to  simplified  typical  schemes.  Here  almost  all  of  the 
attention  is  paid  to  the  construction  of  hysteresis  loops  and  to  the 
determination  of  the  energy  dissipated  in  the  joint  during  a  single 
cycle  of  the  system’s  deformation.  Recommendations  on  the  talcing  into 
account  of  energy  dissipation  in  the  solution  of  problems  of  vibra¬ 
tional  theory  are  given  only  in  the  conclusion;  despite  their  simpli¬ 
city,  the  recommended  methods  of  calculation  ensure  sufficiently  accu¬ 
rate  results. 

The  law  of  dry  friction  is  assumed  in  the  entire  subsequent  present¬ 
ation  for  forces  of  friction  over  contact  surfaces,  and  the  properties 
of  the  material  are  assumed  to  conform  with  Hooke’s  law.  Kinematic 
and  static  hypotheses,  commonly  used  in  the  methods  of  the  strength 
of  materials  and  the  applied  theory  of  elasticity  are  ’widely  used  in 
the  solution  of  concrete  problems;  this  makes  it  possible  to  realize 
substantial  simplifications  without  serious  detriment  to  the  accuracy 
of  results.  For  sake  of  generality  asymmetrical  lo  ,ding  cycles  with 
an  arbitrary  characteristic  of  the  cycle  r: 


I*  min 

P 


O  on^  P 


&  u>iu  r 


min 


arc  the  largest  and  smallest  values  of  the  load. 


are  considered  in  the  majority  of  cases.  We  shall  denote  the  current 
value  of  the  external  force  acting  on  the  joint  in  the  fonn  of  aP, 
where  a  is  a  dimensionless  load  parameter,  a  =  1  for  a  maximal  load 
and  a  =  r  for  a  minimal  load. 
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[Footnote] 


Let  us  keep  in  mind  that  by  absorption  coefficient  ve  mean 
the  ratio  of  energy  dissipated  during  one  cycle  to  the  great¬ 
est  potential  energy  of  the  system. 


[List  of  Transliterated  Symbols ] 


b  *  v  =  val  =  shaft 

np  =  pr  *  predel'nyy  =  limiting 
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Part  One 


SYSTEMS  WITH  FRICTIONAL  COUPLING:’ 


Chapter  1  « 

PRESS- FIT  JOINTS 

§1.  AN  ELEMENTARY  SYSTEM 

An  example  of  an  elementary  system  of  the  type  to  which  the  cur^- 
rent  chapter  Is  devoted  Is  shown  in  Fig.  12;  certain  important  prop¬ 
erties  inherent  to  the  entire  class  of  problems  considered  here  can 
be  noticed  in  this  example. 
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Pig.  12 

Let  us  consider  a  quite  thin  elastic  strip,  pressed  to  an  abso¬ 
lutely  hard  foundation  by  a  constant  pressure  £  and  let  us  investi¬ 
gate  the  phenomena  occuring  as  the  strip  is  loaded  by  a  longitudinal 
force  aP,  varying  cyclically  within  the  limits  from  Pmln  to  P.  We 
will  assume  that  the  greatest  value  of  P  is  insufficient  for  causing 
the  displacement  of  the  entire  strip  along  the  foundation,  i.e., 

=  (1.1) 

where  f  is  the  friction  coefficient  between  the  strip  and  the  foun¬ 
dation,  b  and  1 -  the  width  and  the  length  of  the  strip  and  qQ  -  the 
intensity  of  limiting  frictional  forces. 

In  the  investigation  of  the  distribution  of  frictional  forces 
between  the  strip  and  the  foundation  it  Is  important  to  direct  one’s 
attention  to  the  following  two  peculiarities  of  the  scheme  under  con- 
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slderation. 


1.  The  Intensity  of  the  frictional  forces  (per  unit  of  strip 
length)  is  equal  to  the  limiting  value 

(1.2) 

everywhere  where  slip  of  the  elements  of  the  strip  along  the  founda¬ 
tion  exists,  i.e.,  on  those  segnents  where  deformation  of  the  strip 
is  taking  place;  this  follows  directly  from  the  assumed  law  of  dry 
friction. 

2.  The  frictional  forces  are  entirely  absent  on  those  segments 
where  the  strip  is  not  deformed.  Actually,  according  to  Hooke* s  law, 
the  strip  does  not  experience  any  load  on  these  segments  (and  fric¬ 
tional  forces  would  have  represented  such  a  load). 

The  frictional  forces  developed  on  the  contact  surface  thus  are 
equal  either  to  q^  or  to  zero.  Assuming  Hooke* s  and  Coulomb *s  laws 
we  exclude  the  possibility  that  frictional  forces  different  from 
zero  and  at  the  same  time  smaller  than  q^  act  anywhere.  We  shall  suc¬ 
cessively  consider  three  characteristic  stages  of  loading  variation. 

1.  An  increase  of  force  aP  from  zero  to  the  greatest  value  of  P; 
0  <[  a  <[  1  during  this  stage. 

2.  A  decrease  of  force  aP  from  the  greatest  value  P,  to  the 
smallest  value  Pmin  rP;  1  >  a  >  r  during  this  stage. 

3.  An  Increase  of  force  aP  from  the  smallest  value  Pw1ri  to  the 
largest  value  P;  r  ^  a  <[  1  during  this  stage. 

The  two  last  stages  will  alternately  repeat  themselves  during 
repeated  cyclical  loading. 

The  first  stage.  Length  a  of  the  deformation  zone  (slip  zone)  is 
determined  by  the  condition  of  equilibrium  of  the  strip  and  is  equal 
to  (Pig.  13a) 
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(1.3) 
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On  gradual  increase  oi*  load  uP,  the  length  or  this  zone  will  in¬ 
crease;  according  to  Condition  (1.1) 


a i 


<1, 


(1.4) 


In  accordance  with  Hooke's  law,  the  relative  elongation  of  an 
element  of  the  deformed  zone 


iV 

EE 


(1.5) 


where  u,  (x,  o)  Is  the  displacement  of  an  arbitrary  section  in  the 
direction  of  the  x-axls ,  N  (x,  a)  Is  the  longitudinal  force  in  che 
strip  cross  section,  EF  is  the  strip's  rigidity  on  stretching  and  F 
is  the  area  of  the  strip's  cross  section.  It  follows  from  the  condi¬ 
tion  of  equilibria  of  an  element  of  length  dx,  that 

=  *  (1.6) 

Here  and  everywhere  below,  a  prime  denotes  differentiation  in 
respect  to  the  x- coordinate.  Substituting  here  (1.5),  we  will  get 

u«  =  ~£f'  (1*7) 

The  solution  of  this  equation 


u» 5=5  A,  +  ByX  + 


ft** 

2EF 


(1.8) 


Conditions  pertaining  to  a  section  situated  on  the  boundary  of 
the  deformed  and  undeformed  zones  have  the  form 

*•»  fl.-  4.  «)  -  0;  u\  (I-  «)  «  0.  (1.9) 

They  express  the  absence  of  displacements  and  longitudinal  force  in 
this  section.  We  will  find  from  (1.9) 


At 


2  Ef 
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(1.10) 
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Substituting  this  Into  (1.8),  we  will  get 

»?-«■-«)»  (l.n) 

■t  2af  •  v  / 

where  Is  a  function  of  a  and  Is  determined  by  Expression  (1.3). 
The  following  dependencies  are  necessary  for  further  [discussion] : 

«.  <*,  0  -  (1.12) 


=  -.--gr-  (1.13) 

Dependence  (1.12)  describes  the  distribution  of  displacements  u^ 

along  the  length  of  the  defonned  zone  at  the  end  of  the  first  load¬ 
ing  stage.  Dependence  (1.13)  determines  the  displacement  of  the  end 
section  of  the  strip  during  the  entire  first  stage. 

The  second  stage.  As  soon  as  force  aP  begins  decreasing,  the  end 
elements  of  the  strip  will  begin  to  displace  themselves  opposite  to 
the  direction  of  the  x-axls;  frictional  forces,  acting  In  the  direc¬ 
tion  of  the  x-axls  will,  correspondingly,  appear.  The  condition  of 
equillbrlun  of  the  strip  (Pig.  13b) 

#/»  -  qat  —  q,  («r,  -  »i.)  -  0  (l.  14) 

will  make  it  possible  to  find  the  length  of  the  zone  of  "reverse" 
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displacements 


(1  -*)/* 


-?• 


(1.15) 


here 


(1  ~r)P 


(1.16) 


The  equation  of  the  equilibrium  of  an  element  situated  anywhere 
within  the  limits  of  this  zone  has,  in  contrast  with  (1.6),  the  form 

A'  =  -*  (1.17) 

Substituting  here  (1.5)*  we  will  arrive  at  the  equation 


‘  B*  Cf 

u,  =  — . 

2  EF 


(1.18) 


the  solution  of  which 


“1  =  ^1  +  B*  ■ 


(1.19) 


should  satisfy  the  conditions 


«*(<  —  «*,  «)  =  “i  <*—«». 

“i  (*  —  «*.  «)  =  «i  (*  —  ««.  IK 


(1.20) 


These  conditions  express  the  equality  of  displacements  and  longi¬ 
tudinal  forces  in  section  x  *  JL  —  a2,  where  the  zone  of  "reverse"  dis¬ 
placements  borders  on  the  zone  of  "direct"  displacements.  Dependence 
(1.12)  should  serve  as  the  starting  point  in  the  setting  up  of  the 
right-hand  sides  of  Expressions  (1.20).  From  (1.20)  we  will  get 


consequently. 


A*  a  1(1  —  *|  Ml)*  —  2  (I - «,)1  . 

Bt  —  ~r  (/  —  2  8.  -T  «|  Mi): 

«*('•  *)  =  ^^l(««-ff|MI  —  J)*- 

+  —  .)){.)  —  ff|  au)1. 


(1.21) 


(1.22) 
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where  a2  is  a  function  of  u  and  is  determined  by  Expression  (l.lb). 
Further  we  need  the  following  dependencies: 

/_  1  -T-  -r  —  <-  (/  -j)r  v„  </  -  x)»  (1*23) 

s(l  '  40.EF  /if  '  2f.f  * 

.  1  -S'-  2*  —  **  ... 

"s(  30  =  7‘  (1.24) 

Dependence  (1.23)  determines  the  distribution  of  displacements  u2 
along  the  length  of  the  zone  of  "reverse"  displacements  at  the  end 
of  the  second  loading  stage  and  Dependence  (1.24)  -  the  rule  of  dis¬ 
placement  of  the  end  section  during  the  entire  second  stage. 

The  third  stage.  At  the  beginning  of  the  third  stage  positive 
displacements  will  again  arise  at  the  ends  of  the  strip  over  length 
a^;  the  distribution  of  frictional  forces  during  this  stage  is  shown 
in  Fig.  13c.  ,  m  the  conditions  of  equilibrium  of  the  strip 
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we  will  determine  the  length 

«  —  r, 


a,  = 


2* 


P. 


(1-25) 


(1.26) 


The  differential  equation  again  acquires  the  form  of  (1.7);  Its  so- 
lutlon  is 

*** 
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2 EF 


(1.27) 


Conditions  at  section  x  =  1  -  a^ 


give 


u,  (I  —  o„  «)  —  «*(/  —  «».  f) , 
ui  (*  —  «».  «)  =  (!  —  «*,  r) 
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Consequently, 
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and  the  displacement  of  the  end  section  x  =  1  is  determined  by  the 
dependence 


Dependencies  u^  (1,  a),  (1,  a) and  u^  (1,  a)  for  cases  r  =  0. 5  and 

r  =  0  are  shown  in  Pig.  14a  and  b;  the  closed  hysteresis  loops  can  be 
seen  here  distinctly.  The  area  of  the  loop  represents  an  irreversible 
part  of  the  work,  performed  by  the  force  aP.  We  will  utilize  formula 


r  • 

Y  -  flu.  (i,  *)  —  u,  (/,  d  (zp)  =  pj («2  —  u3)  dx , 


(1.32) 


rml* 


for  calculation  of  this  work.  Substituting  here  Expressions  (1.24) 
and  (1,31),  we  will  find 


12 q& 


(1.33) 


The  interpretation  of  this  result  will  become  easier  if  we  denote  the 


amplitude  of  force  aP  by  Py  and  we  note  that  P(l  -  r)  =  2Pv-  Now  For¬ 
mula  (1.33)  acquires  the  form 


Y  = 


2 Pi 
3 


(1*  3-) 
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It  follows  directly  from  this  that  the  energy  dissipation  is  independ¬ 
ent  of  the  mean  value  of  jthe^  force 

It  Ptutn  "T  f* 

"  2 

and  is  determined  by  the  variable  component  Pv  The  hyperbolic  depend¬ 
ence  of  the  dissipated  energy  on  the  intensity  of  pressure  £  (to  which 
the  limiting  frictional  forces  are  proportional)  represented  in 
Fig.  15  by  a  solid  line  corresponds  to  Expression  (1.34);  it  is  valid 
only  for  those  sufficiently  large  values  of  £  which  correspond  to  Con¬ 
dition  (1.1).  The  shorter  the  zone,  the  larger  should  be  the  corres¬ 
ponding  minimal  value  of  £.  If  the 
left  end  of  the  zone  is  fastened,  the 
Limitation  (1.1)  is  lifted.  An  investi¬ 
gation  of  this  last  case  results  in  a 
dependence  shown  in  Fig.  15  by  a  dashed 
line.  The  existence  of  a  maximum  of  the 
area  of  the  hysteresis  loop,  achieved 
for  a  certain  preset  value  of  pressure  £,  is  noticeable. 

§2.  ENERGY  DISSIPATION  ON  TWISTING  A  PRESS-FIT  JOINT 

Having  analyzed  an  elementary  system,  let  us  now  examine  in  de¬ 
tail  the  problem  of  energy  dissipation  on  twisting  of  a  purely  fric¬ 
tional  press- fit  Joint  of  the  shaft-sleeve  type  (see  Fig.  3)-  We  shall 
consider  three  types  of  Joints,  differing  in  their  structure  and  in 
the  type  of  loading  (Fig.  16).  In  the  Joint  of  the  first  type  with 
the  shaft  cut  in  half  (Fig.  16a),  the  load  is  in  its  entirety  trans¬ 
ferred  to  the  sleeve  by  the  frictional  forces  and  the  value  of  the 
torque  M  is  such  that  the  Joint  becomes  uncoupled  (the  half-shafts 
revolve  in  the  sleeve).  In  the  second  type  of  Joint,  with  a  continu¬ 
ous  shaft  (Fig.  16b),  the  loading  Is  transferred  to  the  sleeve  only 
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HI 

Fig.  15 
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in  the  degree  permitted  by  the  frictional  forces.  No  torques  capable 
of  uncoupling  exist  for  Joints  of  the  second  type;  furthermore,  the 
strength  of  the  Joint  is  determined  by  the  strength  of  the  shaft  and 
is  not  limited  by  frictional  capabilities.  In  joints  of  the  third 
type  (Pig.  16c)  the  torques  at  the  shaft* c  end  sections  are  unequal. 
When  a  large  torque  Mg  is  transferred  to  the  sleeve,  the  sleeve  may 
revolve  on  the  shaft. 

Local  slip  of  the  shaft  relative 
to  the  sleeve  in  the  extreme  regions 
of  the  contact  surface  appears  in  all 
the  three  cases  of  "permanent"  joints 
for  any  as  small  as  desired  load. 
Joints  of  the  first  type  have  four 
local  slip  zones.  Their  length  de¬ 
pends  on  the  limiting  frictional  for¬ 
ces  (i.e.,  on  the  stress  and  on  the 
friction  coefficient),  the  value  of 
the  load  and  the  ratio  of  rigidities 
of  the  elements  of  the  press-fit 
Joint.  However  the  ratio  of  the  dimen¬ 
sions  of  the  regions,  a:b,  is  determined  on^y  by  the  ratio  between 
the  rigidities  of  the  shaft  GJ  and  of  the  sleeve  on  twisting.  If 

one  of  the  elements  of  the  Joint,  the  shaft  or  the  sleeve,  is  sc  rig¬ 
id  that  it  is  practically  possible  to  disregard  its  compliance,  then 
the  system  substantially  becomes  analogous  to  an  elastic  strip  on  an 
absolutely  rigid  foundation.  In  the  case  of  a  totally  rigid  sleeve  b  = 
0,  and  slip  occurs  only  in  the  extreme  region  a;  if  it  is  the  shaft 
which  is  totally  rigid,  then  b  £  0,  but  a  =  0.  Slip  in  two  extreme 
regions  appears  in  the  joint  of  the  second  type  on  loading.  When  the 
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system  is  symmetrical  in  respect  to  the  median  cross  section  the  dimen¬ 
sions  of  these  regions  will  be  identical]  they  depend,  as  in  Joints  of 
the  first  type,  on  the  load,  limiting  frictional  forces  and  the  rela¬ 
tionship  between  the  rigidities  of  the  press- fit  Joint.  Due  to  the 
absence  of  symmetry  in  the  loading  scheme  of  Joints  of  the  third  type, 
the  two  extreme  slip  regions  have  different  dimensions. 

Let  us  start  the  study  of  quantitative  relationships  governing 
the  phenomena  of  energy  dissipation  with  Joints  of  the  first  type. 

Let  us  assume  that  the  system  is  fully  symmetrical,  the  contact  sur¬ 
face  constitutes  an  annular  cylinder,  the  pressure  at  all  surface 
points  is  the  same  and  the  friction  coefficient  is  the  same  over  the 
entire  length  of  the  Joint.  Under  these  conditions  It  is  sufficient 
to  consider  only  one  half  of  the  shaft  (Pig.  17a)  and  to  double  the 
thus  obtained  result  in  calculating  the  area  of  the  hysteresis  loop. 

Let  us  also  assume  that  no  frictional 
forces  exist  at  the  contact  surface  at 
the  beginning  of  the  first  loading. 

The  first  stage.  During  this  stage 
the  load  aM  varies  between  zero  and  the 
value  M;  we  shall  assume  that  the  lar¬ 
gest  load  Is  not  sufficient  for  complete 
uncoupling  of  the  Joint.  The  shaft  and 
the  sleeve  are  deformed  differently  in 
the  slip  zones  a  and  b,  under  the  action  of  the  torque.  No  slip  of 
the  shaft  relative  to  the  sleeve  exists  at  the  mid- segment  of  the 
Joint,  the  angles  of  twist  of  their  cross  sections  are  equal  to  one 
another  and,  therefore,  the  torque  Is  distributed  between  the  shaft 
M^,  and  the  sleeve  Up,  proportional  to  their  rigidities 
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=  -  ulM, 


(2.1) 

(2.2) 


«/;  *  (!  —  L)  M. 

(mJ 

where  k  =  jjj- j~  represents  the  radio  of  the  shaft’s  rigidity  GJ, 
to  the  total  rigidity  of  the  joint;  G^J^,  is  the  torsional  rigidity  of 
the  sleeve. 

It  can  be  seen  from  the  consideration  of  tne  equilibrium  of  a 
sleeve  segment  of  length  a^  along  which  slip  has  occurred  that 

Mt  =  nut,,  (2.3) 

where 


m  =  (2.4) 

represents  the  intensity  of  the  torque  due  to  frictional  forces;  this 
torque  is  uniformly  distributed  along  the  shaft’s  slip  segment;  R  is 
the  radius  of  the  cylindrical  surface  of  contact  between  the  shaft 
and  the  sleeve. 

The  length  of  the  slip  region 

=  *1!-  *>1 l .  (a.  5) 


is  determined  from  Relationships  (2.2)  and  (2.3).  The  length  of  the 
second  slip  region  b^  is  determined  from  the  consideration  of  z*ie 
equilibrium  of  the  shaft’s  end  segment.  We  will  find 

V.  mk.V 


L,  = 


m 


m 


(2.6) 


Thus,  distributed  torques  of  intensity  m  act  on  segments  a^  and 

and  JJy  are  presented  in  Pig.  17. 

Let  us  consider  the  angle  of  twist  of  the  shaft  end  I  -  I  rela¬ 
tive  to  the  sleeve  section  II  ~  II.  This  angle  of  twist  is  found  by 
adding  the  angles  of  twist  of  the  three  segments  of  the  system.  We  ge 
here 


bj.  Diagrams  of  m, 
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One’s  attention  is  attracted  in  this  formula  to  the  presence  of 
a  nonlinear  dependence  between  the  force  and  the  deformation,  this 
nonlinearity  is  characteristic  of  elastic  systems  with  frictional 
couplings.  Let  us  note  that  for  m  -*  i.e.,  when  the  shaft  and  the 

sleeve  are  rigidly  joined  (f  -*  »),  the  first  term  of  the  formula  van¬ 
ishes,  with  only  the  term  determining  the  angle  of  twist  of  a  continu¬ 
ous  shaft  remaining.  For  k  -*  0,  (the  case  when  the  rigidity  of  the 
sleeve  is  considerably  greater  than  the  rigidity  of  the  shaft 
67  0TJ,)  the  structure  of  the  last  formula  coincides  with  the  anal¬ 

ogous  Formula  (1.13)  for  a  thin  strip  on  a  rigid  foundation. 

For  the  greatest  value  that  the  load  can  take  on  in  the  first 
loading  stage,  i.e.,  for  a  =  1,  the  displacement  of  this  section  is 
determined  by  formula 


M*. 


I)  = 


2 mGJ 


1-3 k  +  3k*  ,  kUl 
i  —  k  '  GJ 


(2.8) 


Terms,  corresponding  to  elastic  twist  of  that  part  of  the  sleeve  which 
is  free  of  the  shaft  are  absent  in  these  formulas,  since  these  terms 
do  not  effect  the  energy  dissipation  characteristics. 

The  second  stage.  A  redistribution  of  frictional  forces  occurs 
in  the  process  of  unloading  the  Joint,  and  regions  along  which  slip 
occurs  in  the  reverse  direction  appear.  Let  us  denote  the  lengths  of 
these  new  regions  by  a^and  hj ;  they  are  determined,  as  in  the  first 
stage,  from  the  consideration  of  the  equilibrium  of  shaft  and  sleeve 
segments : 

(2-9) 
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(2.10) 
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Figure  13  shov:s  the  diagrams  of  the  torques  m,  and  I-U.  Ey  adding 
the  angles  of  twist  of  the  several  segments,  we  can  find  the  displace- 

^  ment  of  the  same  shaft  section  I  -  I  in 

- - - 

the  unloading  stage  in  the  fern 

<»•»> 

b  ^  ~ - ;  ®  For  ^  “*  0,  the  structure  of  this  formula 

a*,1-,  .  -  as~ 

»  :  1  ;  :  coincides  vd.th  that  of  the  analogous  For- 

c  f  A' - \/\  ,  C4  ,  ,  . 

i  (]  t  :  mula  (1.24)  for  the  displacements  of  the 

- _L - -r  g) 

end  sections  of  the  thin  elastic  strip 
Fig.  18  along  a  rigid  foundation  during  the  second 

loading  stage.  If  the  load  reaches,  the  greatest  value  (a  =  1),  then 
this  formula,  obviously,  gives  the  previous  result  (2.8),  and  for  a 
minimal  value  of  the  load,  the  displacement  of  the  shaft’s  end  section 
is  written  in  the  form 

„  .V*  „  .  /I  —  3A  4-  3/*\  rk.Xfl 


Fig.  18 
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(2.12) 


The  third  stage.  In  contrast  with  the  first  stage,  slip  is  al¬ 
ready  present  on  individual  segments  of  the  contact  surface  toward 
the  beginning  cf  the  third  stage  under  consideration  and  a  certain 
system  of  frictional  forces  is  in  existence.  The  increase  of  the  load 
from  the  minimal  to  the  greatest  value  results  in  the  appearance  of 
still  another  two  slip  regions  a^  and  b-^  (Fig.  19).  The  lengths  of 
these  regions  are  determined  from  the  equilibrium  conditions  and  have 
the  values 

•  (2.1?) 
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The  diagrams  of  the  torques  m,  due  to  frictional  forces,  and  of 
and  ?v j,  are  shown  in  Pig.  19b,  c  and  d.  The  displacement  of  section 

I  -  I  relative  to  section  II  -  II  in  this 
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loading  stage  is  determined  by  the  formu¬ 
la 
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For  k  -*■  0  this  formula  coincides  with  the 
analogous  Formula  (1.31)  of  the  preceding 
Fig.  19  paragraph.  If  the  load  reaches  its  great¬ 

est  and  smallest  values,  then  Formula  (2.15)  gives  the  same  results  as 
Formulas  (2.8)  and  (2.9).  Thus,  when  the  load  varies  cyclically,  the 
relationship  between  u  (1,  a)  and  the  torque  aM  is  represented  by  a 
closed  curve,  forming  a  hysteresis  loop.  The  shapes  of  the  hysteresis 
loops  are  entirely  similar  to  those  shown  in  Fig.  14.  The  area  of  the 
hysteresis  loop  calculated  by  Formula  (1.32)  will  be: 
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mGJ 


l  -  /. 


(2.16) 


where  Mx-=  is  the  amplitude  of  the  cycle. 

This  formula  makes  it  possible  to  estimate  the  effect  of  design 
parameters  of  the  joint  and  of  the  frictional  forces  distributed  along 
the  contact  surface  on  the  rate  of  energy  dissipation  attendant  to 
cyclical  loading.  As  can  be  seen,  the  work  of  the  frictional  force  is 
a  function  of  the  cube  of  the  cycle* s  amplitude  and  is  related  hyper- 
bolically  to  the  pressure  £  at  the  contact  surface;  this  can  be  easily 
noticed  if  one  takes  into  account  the  fact  that  m  is  determined  by 


-  31  - 


Formula  (2.4).  It  also  follows  from  Formula  (2.16)  that  the  work  of 
the  frictional  forces  does  not  depend  on  the  mean  load  of  the  cycle. 
The  result  obtained  by  Formula  (2.16)  should  be  doubled  In  order  to 
determine  the  energy  dissipation  in  both  halves  of  the  joint.  Let  us 
again  point  out  that  the  load  is  insufficient  for  uncoupling  of  the 
joint. 

Let  us  consider  the  problem  of  energy  dissipation  in  a  press- 
fit  joint  of  the  second  type  which  was  briefly  characterized  above. 
Figure  20  shows  ;he  distribution  of  the  torque  in  the  shaft  and  sleeve 
sections  along  the  length  of  the  contact  surface,  successively  during 
three  loading  stages.  Let  us  assume  that  the  load  applied  to  the  end 
sections  of  the  joint* s  shaft  is  smaller  than  the  limit  for  which  the 
mutual  slip  of  the  shaft  and  sleeve  sections  is  propagated  over  the 
entire  length  of  the  contact  surface  (M  <  ml). 

Formulas  for  the  angles  of  twist  of  the  end  section  I  -  I  of  one 
half  of  the  shaft  relative  to  the  mid-section  II  -  H  (Fig.  20)  dur¬ 
ing  all  the  three  loading  stages  have  the  form 


“• il'  2mGJ  (1  *'  +  GJ  ' 

(2.17) 

1/*  xk\fl 

"*  ft  *>  -  (1  -  *>*■ (1  +  -?ir  • 

(2.15) 

Ji  (l  *)  -  2^7  0  ~  ^  x)  GJ 

(2.19) 

Energy  dissipated  in  one  half  of  the  joint  during  a 

complete  cycle 

of  load  variation  is  determined  by  the  formula 

„.  2M\  (1  -  kf 

ZmGJ 

(2.20) 

As  can  be  seen,  energy  expended  on  irreversible  processes  again 
in  this  case  is  independent  of  the  mean  value  of  the  load,  but  depends 
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on  l:h<  cube  of  the  cycle’ c  airiplltude. 

The  hyperbolic  dependence  or  the  dissi¬ 
pated  energy  on  the  pressure  at  the  con¬ 
tact  surface  is  also  retained. 

Let  us  further  consider  the  case 
of  complete  slip  v/hen  the  airiplltude  of 
the  torque  applied  to  the  shaft  exceeds 
the  limiting  value  >  ud.  Unidirec¬ 
tional  slip  is  propagated  over  the  entir< 
contact  surface  during  each  stage  of  the 
cycle.  Slip  accumulated  during  the  pre¬ 
ceding  stage  of  the  cycle  is  "erased” 
and  appears  in  a  new,  opposite  direction 
Let  the  greatest  load  of  the  first  loading  stage  already  exceed 
a  value 

*•-!/=  ml.  (2.21) 

such  that  the  length  of  the  slip  region  becomes  equal  to  half  the 
length  of  the  contact  surface  (Fig.  20).  In  this  case,  the  loading 
process  breaks  up  into  two  stages:  during  the  first  stage  the  bound¬ 
ary  of  the  slip  region  is  displaced  as  the  load  is  changed;  during 
the  second  stage  the  position  of  the  boundary  does  not  change. 

The  displacement  of  section  I  -  I  relative  to  the  stationary 
section  II  -  II  during  the  first  stage  is  determined  by  Formula  (2.17); 
during  the  second  stage,  when  slip  is  propagated  over  the  entire 
length  of  the  contact  surface,  the  angle  of  twist  of  the  same  section 
is  determined  by  formula 

**  {!  (2.22) 

where  Qq  Is  the  limiting  value  of  the  dimensionless  load  parameter; 


Fig.  20 


it  can  be  found  by  Formula  (2.21)  from  the  conditions  of  equilibrium 
of  the  half-slrt'Vi'. 

As  can  be  seen,  the  precsence  of  a  stationary  boundary  of  the 
slip  region  results  in  the  appearance  of  a  linear  dependence  of  the 
angle  of  twist  on  the  load.  The  function  =  u^  (l,  a)  is  shewn  graph¬ 
ically  in  Fig.  21.  The  nonlinear  segnent  of  the  first  branch  of  the 
curve  shown  in  the  graph  corresponds  to  Dependence  (2.17),  the  linear 
segment  of  the  branch  -  to  Dependence  (2.22). 

Let  us  now  consider  the  unloading  process.  The  angle  of  twist  of 
section  I  -  I  relative  to  section  II  -  II  (slip  has  not  as  yet  propa¬ 
gated  Itself  over  the  entire  contact  surface)  during  the  first  stage 
is  determined  by  Formula  (2.18);  during  the  second  unloading  stage 
his  angle  is  determined  by  formula 

MJ-  ^  (2*  -a,).  (2.23) 

Thus,  on  unloading  (second  branch  of  the  hysteresis  loop  of  Fig. 
21),  dependence  Ug  (1,  a)  is  quadratic  during  the  first  stage.  This 
dependence  becomes  linear  during  the  second  stage. 

The  second  loading  cs.uses  a  new  change  in 
the  direction  of  slip.  The  angle  of  relative 
twist  of  section  I  -  I  and  II  -  II  is  deter¬ 
mined  by  Formula  (2.19)  during  the  first  stage 
and  during  the  second  stage,  by  Formula  (2.22) 
The  nonlinear  dependence  of  displacement  or,  th 
loading  for  a  moving  boundary  of  the  slip  re¬ 
gion  and  the  linear  dependence  for  a  stationary  boundary  of  the  slip 
region  also  exist  during  this  process  of  repeated  loading.  The  third 
branch  of  Fig.  21  corresponds  to  this  process.  Energy  dissipated  durin 
a  complete  loading  cycle  is  determined  by  the  formula 
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where 


ar  -1(1  -r)  Id  the  amplitude  of  the  variation  or  the  dimen¬ 
sionless  load  parameter,  do  that  the  amplitude  of  the  torque  can  be 
expressed  by  the  dependence  M  =  avM. 

Formula  (2.24),  in  contrast  to  (2.20),  is  valid  for  small  values 
of  frictional  forces,  and  therefore  makes  it  possible  to  investigate 
the  characteristic  of  energy  dissipation  for  m  -*  0.  The  dissipated 
energy  depends  on  the  amplitude  of  the  load  for  small  values  of  tan¬ 
gential  frictional  forces j  furthermore,  this  energy  does  not  depend 
or.  the  mean  value  of  the  cycle's  loading.  The  dissipated  energy  is 
parabolically  related  to  the  normal  pressure  on  the  joint's  contact 
surface.  If  we  take  into  consideration  Dependence  (2.21),  then  For¬ 
mula  (2.24)  for  the  area  of  the  hysteresis  loop  can  be  transformed  to 
the  form 

T  =  -  4 (2  4-  2/.- -  /.=)/,*] .  (2. 2t)) 


For  p  =  0,  i.e.,  when  normal  pressure  on  the  contact  surface  is  absent, 
there  Is  no  friction  in  the  joint  and  there  Is  no  energy  dissipation. 
For  the  value  p  =  p^,  which  Is  determined  by  the  formula 

(2.26) 


3.1/. 


Pi 


trJPjl  (2  -  2k  -  lr) 


energy  dissipation  reaches  Its  highest  value.  In  this  case  the  area 
of  the  hysteresis  loop  is  equal  to: 


Tnui  = 


3.1/* 

2GJ  13  -  (1  —  kfl 


(2.27) 


A  further  increase  In  pressure  results  in  a  decreased  energy 
dissipation.  Under  the  condition  =  a^M,  which  determines  the  lower 
boundary  cf  applicability  of  Formula  (2.24),  the  same  result  is  ob¬ 
tained  as  when  using  Formula  (2.20)  for  which  this  condition  is  the 


upper  boundary  of  applicability.  Figure  22  shows  the  graph  of  the  de¬ 
pendence  of  the  area  of  hysteresis  loop  on  the  normal  pressure  at  the 
contact  surface,  constructed  by  Formulas  (2.24)  and  (2.22).  Let  us 
note  that  the  energy  dissipation  increases  with  an  increase  in  the 
rigidity  of  the  sleeve  (i.e.,  for  a  decreasing  k)  (compare  Fig.  22 
with  Fig.  15). 


The  most  widespread  type  of  a  press- 
fit  torsional  joint  is  the  third  type  of 
Joint.  A  sheave  or  a  gear  on  a  trans¬ 
mission  shaft,  seated  with  interference, 
is  a  characteristic  example  of  this  type 
of  joint. 

Due  to  the  absence  of  loading  symmetry  (see  Fig.  16)  the  end  slip 
regions  are  of  different  dimensions.  The  presence  of  a  torque  on  the 
step  in  section  II  -  II  results  in  the  appearance  of  a  median  slip 
region.  The  dimensions  of  these  three  regions  depend  on  the  load,  in¬ 
tensity  of  the  moments  of  frictional  forces  and  also  on  the  ratio  be¬ 
tween  the  rigi titles  of  the  shaft  and  the  sleeve. 

In  the  limiting  case,  when  the  rigidity  of  the  shaft  is  equal  to 
infinity,  slip  occurs  only  in  the  end  contact  regions.  Let  us  determ¬ 
ine  the  energy  dissipation  during  a  cycle  for  this  elementary  and  at 
the  same  time  interesting  for  practical  purposes  case  (since  the  rig¬ 
idity  of  the  step  is  usually  by  far  greater  than  the  rigidity  of  the 
shaft).* 

It  has  already  been  pointed  out  above  that  for  a  rigid  press-fir 
joint  sleeve  the  problem  of  cyclical  torsion  is  entirely  analogous  to 
the  problem  of  the  elastic  strip  on  a  rigid  foundation.  Therefore  the 
dimensions  of  the  extreme  slip  regions  on  first  loading  are  determined 
by  formulas 
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(2.2  8) 


'  h*..‘h  riv  •  :;:p  1.  t.  1v  :>  -=K-  •<  u  t  F<tmul*i  (1.3). 

The  torques  in  the  extreme  shaft  sections  and  and  also 
the  torque  applied  to  the  step  of-’U,  satisfy  the  equilibrium  condition 


of  the  joint 


*  <!/,  .V,  -r  -v,)  o. 


The  angles  of  twist  of  the  extreme  shaft  sections  can  be  determ¬ 
ined  relative  to  any  section  situated  outside  the  slip  region  (sec¬ 
tions  situated  in  this  region  remain  mutually  stationary).  For  ex¬ 
ample,  the  angle  of  twist  of  the  right  end  section  of  the  shaft  for 
the  stage  of  first  loading  is  determined  by  the  formula 


“»  <4  *)  =  - 


2 mGJ 


(2.29) 


the  angle  of  twist  of  the  left  end  section  is  determined  by  the  form- 


,  ,  .  «*A#i 

(  l'  **  2mGJ  ‘ 


(2.30) 


Similarly,  during  the  unloading  stage  we  have 


“*  **  “  2 mGJ  (I  21  *S): 


«* (—t,  *)  =*  2 mGJ  ^  **)• 


(2.31) 

(2.32) 


The  angles  of  twist  of  the  extreme  sections  during  the  second  loading 
stage  are  determined  by  the  formulas 


y»(l  «)  =  -££jQ-2*r  +  2r  +  i*), 


u»  (—  1,  *)  =  2mSr  (*  —  +  &  +  **)• 


(2.33) 

(2.34) 


The  area  of  the  hysteresis  loop  for  the  given  joint  is  calculated 
the  formula 
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1 


_ f  _  Ml*1 

Amtj  v”r 


i  M?_\ 


(2.350 


where  M^v  and  M^v  are  the  amplitudes  of  torques  applied  to  the  right 
and  the  left  ends  of  the  shaft.  Let  us  none  that  the  last  formula  Is 
valid  only  in  the  case  when  slip  has  not  spread  over  the  entire  con¬ 
tact  surface. 

§3.  ENERGY  DISSIPATION  IN  A  PRESS- PIT  JOINT  DURING  TENSION  -  COMPRESSION 

Results  obtained  in  the  preceding  paragraphs  can  be  generalized 
to  [include]  press-fit  Joints  during  cyclical  tens ion- compress ion. 

The  problem  of  cyclical  tens ion- compress ion  of  a  press-fit  joint  be¬ 
comes  fully  analogous  to  the  problem  with  cyclical  torsion  of  a  press- 
fit  Joint,  If,  as  in  the  latter  case,  we  assume  that  the  shaft  and 
sleeve  material  is  subject  to  Hooke’s  law,  the  tangential  frictional 
forces  at  the  contact  surface  are  subject  to  the  law  of  dry  friction 
and  that  sections  which  were  plane  before  loading  dc  not  change  their 
shape  and  remain  plane  after  the  load  has  been  applied  both  in  the 
slip  region  as  well  as  outside  this  region.  In  addition,  it  Is  neces- 
ary  to  assume  that  the  normal  pressure  £  at  the  contact  surface  dies 
not  change  either  during  the  loading  process  or  along  the  length  of 
the  joint.  This  assumption,  obviously  acceptable  in  torsional  problems, 
becomes  much  more  doubtful  in  problems  of  longitudinal  loading  here 
considered;  actually,  for  a  Poisson  ratio  different  from  zerc  the 
longitudinal  loading  will  result  in  a  change  of  effective  tension  and 
the  frictional  forces  will  lose  their  previous  property  of  constancy. 

We  shall  consider  this  somewhat  further  on;  at  the  ncment  we  will  stop 
at  the  elementary  assumption,  according  to  which  the  tension  remains 
constant . 

In  accordance  with  Section  2,  the  following  formulas  can  be 
written  for  areas  of  hysteresis  loops  in  various  types  of  joints  (see 
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A 


Fit;.  16).  For  ore  half  of  joint  of  the  t/p<  cut  into 

halves  in  a  sleeve'),  y.iiirh  it,  Forauf-*  (2.30)  v.e  h--ve. 

u,  2  rl  /  ,  -.n 

,1  qj-.r  1  —  k 


In  joints  ol’  the  second  type  (sleeve- continuous  shaft)  the  area 
of  the  hysteresis  loop  for  one  half  of  the  joint  is  determined  cimi- 
lar  to  Formula  (2.20) 


T 


*>  pi 

i 


(i.2) 


The  following  notations  are  here  utilized:  Pv  is  the  amplitude  of  the 
longitudinal  force,  qQ  -  the  limiting  frictional  force,  EF  -  the  rigid¬ 
ity  of  the  shaft  on  tens ion- compress ion  and  k,  as  before,  the  ratio 
of  the  longitudinal  rigidity  of  the  shaft  to  the  total  longitudinal 
rigidity  of  the  Joint. 

In  the  case  of  full  slip  over  the  entire  contact  surface  the 
formula  for  the  area  of  the  hysteresis  loop  in  the  Joint  of  the  sec¬ 
ond  type  takes  on  a  fora  similar  to  that  of  Formula  (2.24): 

T  -  13*.  --  3*’  +  <1  -  *n  (3-3) 


where  is  the  amplitude  of  the  dimensionless  load  coefficient. 

We  shall  examine  in  detail  the  influence  of  the  Poisson’s  effect 
for  the  elementary  case  of  a  joint  between  a  rigid  sleeve  and  an  elas¬ 
tic  shaft  (Fig.  23a). 

The  first  stage.  As  before,  we  shall  assume  that  no  tangential 
forces  of  interaction  between  the  shaft  and  the  sleeve  exist* at  the 
beginning  of  the  first  loading.  The  initial  normal  pressure  on  the 
contact  surface  is  proportional  to  the  difference  between  the  shaft 
diameter  and  the  internal  diameter  of  the  sleeve  before  press-fitting 

r, (3.-4) 
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where  8,  -  I)  Df,  *  --  j-  i !>rtii)or‘t, i oil--- !  i\,/  coc-Tf  iol«-nt  ai.c 

and  —  the  Initial  Ulameti  rs  or  th<  a.hai’t  ni.'J  Uu  alcove-  before 
pressf  itting. 


A  change  In  the  normal  pressur*  p  a  lour;  the  length  of  the  fitted 

segment  arises  attendant  to  the  loadin'  or  tie  .hart  by  a  longitudinal 

force.  This  pressure  can  even  disappear  ontii-cl/  for  a  sufficiently 

large  value  of  the  longitudinal  stretching  force  and  then  a  gap  ’.  ill 

appear  between  the  sleeve  and  shaft  surfaces.  Belov;  we  shall  still 

assume  that  the  initial  pressure  pQ  is  sufficiently  large  and  a  gap 

does  not  appear.  Let  N(x)  be  the  current  value  of  the  longitudinal 

force  in  the  shaft  section  and  P(x)  --  the  current  value  of  the  press’ire 

on  the  contact  surface;  in  the  absence  of  an  external  load  (i.e.,  for 

a  =  0)  we  have  N  =  0  and  p  =  pQ.  Khen  the  shaf  elongates  (N  >  Z)  the 

pressure  is  diminished  (p  <  pQ);  when  it  is  compressed  (N  <  pc),  it 

increases.  Under  these  conditions, 

the  radial  deformation  of  the  shaft 

is  determined  by  the  formula 

t  ..  1**V M  ,  P*~ J>(*)  (o  c\ 
tf>_  EF 

Here  E  and  \i  are  the  modulus  of  elas¬ 
ticity  of  the  shaft  material  and  the 
Poisson’s  ratio  and  P  is  the  cross- 
sectional  area  of  the  shaft. 

The  first  term  expresses  the 
effect  of  the  longitudinal  force, 
the  second  —  the  effect  of  the  pres¬ 
sure  drop  from  the  value  pQ  to  the 
value  p  (x).  However,  an  absolutely  rigid  sleeve  makes  it  impossible 
for  the  shaft  to  change  its  cross-sectional  dimensions,  i.e.,  the 
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radial  defoliation  of  the  cliaft  lr  y<  io;  rlxpi-ecclan  (j.  a)  Le'-or.'f ;;  the 
cquat Ion 


A-V(')  ,  /’<•  /'<•)  Q 

/  /  /  .;<  f  «> 


We  find  from  this  equation 

/'  (<)  ft - y.  -  ;i  (!  ;i). 


Let  us  introduce  the  notation 


|i  (1  —  h) 


=  A*. 


Ci.v) 

(Z.V 


Quantity  N*  represents  the  force  N,  for  which  the  pressure  p  (x)  -  0. 
As  has  already  been  said,  N  <  N*. 

The  relationship  between  pressure  p  (x)  and  force  N  (x)  takes  on 
the  form 


fW  =  |l(lf  ’h.v -*(,))■  (3.9) 

The  intensity  of  the  limiting  frictional  forces 

ft  (X)  -  -Jjpf  *  }.  tv  _  .V  (X))  (3.10) 

varies  as  a  function  of  the  longitudinal  force  in  the  shaft  section 
and  is  proportional  to  the  quantity 

).  =  - »> .  (3.11) 

The  following  equation  can  be  obtained  fran  the  equilibrium  condition 
of  a  shaft  element  of  length  dx: 

(3.12) 

The  solution  of  this  equation  under  the  boundary  conditions 


has  the  form 


.V  (0)  =  *P 


JV  (x)  =  X*  -  (X*  -  *P)  e»*. 


(3.13) 
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The  d iagrnm  oi'  U  lj  shown  in  Fig.  P'jc.  Figure  23b  gives  the  diagram  of 
-Iq  (x)  correspond  big  to  Dependence  (3«10)  If  N  (x)  from  (3*13)  is  sub¬ 
stituted  into  it. 

The  boundary  o:‘  clip  propagation  is  determined  from  the  consider¬ 
ation  of  the  c.ruil  ibr luiu  of  the  ent  ire  shaft 


Keeping  in  mind  that  (x)  is  determined  by  Dependence  (3.10)  and 

r 

K  (x)  —  by  Expression  (3.13),  we  will  get 


When  loading  is  absent  (a  =  0)  we  have  a^  =  0.  If  a^  =  1,  then  the 
.joint  is  uncoupled;  the  force  necessary  to  bring  this  about  is  de¬ 
termined  from  (3.15) 

*#**  —  X*  (1  —  e-**).  (3.16) 

If  the  load  reaches  it a  largest  value  a  =  1,  remaining  smaller  than 
the  limiting  [load],  then  the  length  of  the  slip  region  is  determined 
by  the  formula 

“»  =  Tl".v3r7  (3-17) 


Cr.  the  basis  of  Hooke’s  la^r  we  have  the  equation 


(3.18) 


Taxing  (3.13)  into  account,  we  will  obtain,  on  integration  under  the 


conditions  u^  (a^)  =  0, 

(*,  «)  =  ^  [  ’  *  (X  -  «,)  +  y  (.V  -  -  <**}] 


(3-19) 


Ccrr'  .ponding!/,  the  displacement  of  the  end  section  is  equal  to: 


«i  &  «)  -  I  (A*  -  *P)  itXm  -  i)  -  X-%%1 


(3- 30) 
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11  the  load  reaches  Its  nuutimul  value  {./  -  l),  then 
01’  this  section  In  d<  ti  tmlrK  u  by  the,  formula 


the  dlsplac emen t 


«« 


(%21) 


Under  the  condition  that  the  P-’iscon  effect  Ir;  abncr.t  (a.  —  0),  the 
latter  formula,  after  the  proper  limit  transition,  fully  coincides 
with  the  analogous  Formula  (1.13). 

The  second  stage.  When  the  loading  is  decreased,  shaft  sections 
are  pulled  into  the  sleeve  at  the  extreme  contact  region,  and  re¬ 
verse  slip  appears  on  a  part  of  the  contact  surface.  The  equilibrium 
equation  of  a  shaft  element  situated  in  this  zone  gives 

>”  =  *(*).  (3.22) 
Substituting  the  expression  for  q^  (x)  into  this  equation,  we  will 
obtain  a  new  equation  for  the  normal  force  in  the  shaft  section 

iV  —  X  (X*  —  .V  (x))  =  0.  (3-23) 

The  solution  of  this  equation  under  the  condition  N(0)  =  aP: 

AT  (t)  -  A*  -  (V  -  *P)c  *«.  (3-24) 

If  we  now  take  the  external  load  off  completely,  then  residual  stresses 
distributed  according  to  the  rule 

V(x)  =  A**(l-r^).  (3.25) 

will  appear  in  the  pressfitted  part  of  the  shaft  at  the  reverse  slip 
segment.  The  diagrams  of  N  (x)  and  q^  (x)  are  shown  in  Fig.  24c;  the 
boundary  of  the  reverse  slip  propagation  is  determined  from  the  condi¬ 
tion  of  the  shaft's  equilibrium; 

Up=—  J^(x)dx  + 

+  /*(*)**  (3-26) 
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Vb  substitute  for  the  integrand  <i0  (x)  It."  value  from  (3. 10),  taking 

Into  account  that  the  normal  force 

V 

_ _ -  \- 

^ - '  In  th<  shaft  section  II  (x)  on  the 

'^r1 _ _  rrr 

J*L _  |  i  n  '  *  direct  slip  segment  is  determined  by 

T  . _ j  \ 

^  ^ ~ Formula  (3.13)  and  on  the  reverse 

1  P  i~N»  x  clip  segment  —  by  Formula  (3.24). 

~  •  Hi 

71  •  :  !  Then  the  boundary  of  the  reverse  slip 

“  tf*l  —  .  j 

"  *  j  ~ — :  region  will  be  determined  by  the  for- 


!ii 


b  f) 

Li  a  t;  ■ 


Fig.  24 


mula 


1  1  rP  (rt 

*  2X  "  ~.V*  — P  *  '3-^7) 


Reverse  slip  is  absent  for  a  =  1 


(a2  =  0);  if  the  load  is  brought  to 
its  minimal  value  a  =  r,  then  the  dimensions  of  the  reverse  slip  re¬ 


gion  are  determined  by  the  formula 

/X 

1  .  X*-rP  f 

'  2^^*  y*  "  p  ' 


(3.28) 


We  shall  determine  the  displacements  during  loading,  again  utiliz¬ 
ing  Dependence  (3.18).  After  substitution  of  Expression  (3.24)  into 
this  dependence  and  integrating  under  the  condition  of  continuity  cf 
displacements  at  the  boundary  between  direct  and  reverse  slip  segments 


u,  (a,)  =  u„  (a,) 


(3.29) 


•e  will  get 


«s  (*,  x)  ~  X*  (x  —  «„)  +  ~  (A*  —  P)  (<*•»  —  «»-.)  4. 
-f  y  (*'*  —  *F)  (c-l»  —  r^)l . 


(3.3C) 


Expressing  a^  and  a 9  in  terns  of  the  parameter  a,  we  will  obtain  a 
formula  for  the  displacement  of  the  end  section 
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U;  (*.  0) 


at/*  -  A  •  In 


1  f  liY* 

>././  | 

-2J'(.V  -ST/W  T/ijJ. 


A* 


A  •  -  /* 


(3.31) 


At  the  boundary  of  the  first  and  second  stares ,  i.c. ,  for  a  -  1,  For¬ 
mula  (3*31)  coincides  with  Formula  (3. 21).  If  the  load  reaches  its 
minimal  value,  then  the  displacement  of  the  end  section  is  determined 
by  the  formula 


-  2  |(V  -  ,P)  (,V  -  P)j 


(3.3s) 


The  deformation  of  the  shaft  does  not  disappear  for  a  =  0  and  the 
shaft  Is  loaded  by  a  system  of  residual  forces.  The  residual  displace¬ 
ment  of  the  end  section  x  =  0  is  equal  to: 


«,  (0,0)  = 


1 

7£F 


2X*  —  A*  In 


X* 

A *—P 


(3.33) 


Let  us  note  that,  as  a  result  of  elementary  transformations  and  of 
limit  transition.  Formula  (3*3l)»  under  the  condition  X  -*■  0,  coin¬ 
cides  with  the  analogous  Formula  (1.24)  for  an  elastic  strip  on  a 
rigid  foundation. 

The  third  stage.  On  repeated  loading  of  the  shaft  "erasure”  of 
reverse  slip  occurs  in  the  extreme  region  of  the  mating  surfaces  and 
a  segment  of  direct  slip  again  appears  (Fig.  25). 

The  normal  force  N  (x)  is,  within  the  limits  of  the  direct  slip 
segment,  determined  by  Formula  (3.13).  The  position  of  boundary  a^  is 
determined,  as  in  the  previous  two  stages,  from  the  condition  of  the 
shaft's  equilibrium 

•t  H  *u 

=  f  ?•  W f  9.  (*) dx 

•  «•  «H 
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(3.34} 


From  this  we  get 


1  |  /-5  of  \ 

a*  “  2X  °  A'* _ blP  *  \  •  3  >  J 


If  a  =  r,  then  a^  =  0;  for  a  =  1 


1  ,  A’*  —  rP 
■In 


.(3-36) 


11  ~  2\  "*  A’*  —P 

The  diagrams  of  N  (x)  and  q  (x)  for 
the  second  loading  stage  are  shown 
in  Figs.  25b  and  £. 

The  displacement  (x,  a)  will 
be  determined  if  we  integrate  Eq. 
(3.18)  under  the  condition  of  contin¬ 
uity  of  displacements  on  the  bound¬ 
ary  between  positive  and  negative  slip: 

(*.  «)  =  ctU (*  —  «»*)  +  (A’#  —  P)  («*•“  —  «**•)  + 

(3  37) 

-f  (A**  —  rP)  (*-*■•  —  «-*•»)  +  (X*  —  a/*)  (c**«  —  e»*)l . 

Utilizing  the  above  dependencies  of  the  dimensions  of  slip  re¬ 
gions  a^,  a2  and  a^  on  the  dimensionless  load  parameter  a,  we  will 
determine  the  displacement  of  the  end  section  by  the  formula 


(0,  «)  =  +  2^  (X*  —  rP)  '(X*  —  «P)  - 

—  2 V  (A’*  —  P)  (X*  —  rP)- -  .V.  In  y^-p] 


(3.38) 


For  X  -*  0  this  foimula  coincides  with  the  corresponding  Formula  (I.31). 

If  the  load  takes  on  the  value  rP,  then  the  last  formula  coincides 
with  (3-32);  Result  (3-21)  is  obtained  for  a  =  1. 

The  hysteresis  loop  for  a  cycle  with  an  arbitrary  characteristic 
is  shown  in  Fig.  14a.  Calculating  its  area,  we  obtain  the  formula 

t 

Tr  =  r ly<A*-P)  (A'*  —  rP)  -  —  P)  (A’#  —  aP)  —  (3- 39) 
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-  (.V*  -  «/n  (A*  -  rl‘)  -f-  A*  xP)dx .  (3.  39) 

If  we  utilise  the  concepts  of  the  mean  value  of  load  p  and  of  the 
cycle  amplitude  P  ,  then  after  performing  quadratures  we  v/ill  have 

** r  =  -**•  1  V  (V  ~i>n\~T/*,J ,  (3.40) 


It  follows  frcjn  this  formula  that  the  consideration  of  transverse 
deformations  in  a  press-fit  joint  changes  conclusions  made  earlier 
relative  to  the  independence  of  the  area  of  the  hysteresis  loop  on 
the  mean  value  of  the  load.  The  area  of  the  loop  depends  not  only  on 
the  amplitude  of  the  cycle  hut  also  on  the  mean  value  of  the  load. 

This  follows  inevitably  from  the  fact  that  the  normal  pressure  depends 
on  the  shaft  deformation.  If  we  assume  that  £  is  independent  of  the 
transverse  deformation  of  the  mating  elements,  i.e.,  if  we  assume 
that  p.  =  0,  then  Formula  (3-40),  after  the  proper  limit  transition, 
takes  on  the  form 


2P-; 

3 1*EF 


(3.41) 


and  coincides  fully  with  the  result  obtained  in  Section  1  for  an  elas¬ 
tic  strip  on  a  rigid  foundation. 

Figure  2 6  shows  graphs  of  '^T/^r  as  a  function  of  Py/ft*  for  a 
symmetrical  (lower  graph)  and  pulsating  cycles. 

As  can  be  seen,  the  results  of  calcula¬ 
tions  by  Formula  (3*41)  for  ^mall  values 
of  N*  practically  do  not  differ  from  re¬ 
sults  obtained  by  Formula  (3-40).  For  a 
symmetrical  cycle  they  coincide  very  well 
for  large  loads,  even  close  to  failure. 

In  the  case  of  a  pulsating  load  the  en¬ 


N‘ 


Fig.  26 

ergy  dissipation  increases  rapidly  when  the  mean  force  of  the  cycle  is 
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_ _  mH„  ..HHr.tion  of  Formula  (3.41)  for  calculation  of  energy 

XliUX’VCtlO^V*  •  -LA*'-  - - 

dissipation  for  nonsymmetrical  cycles  gives  a  result  on  the  -ov  side. 
Thus,  the  lowering  of  the  effective  tension  for  a  nonsymmetrical  cycle 
results  in  an  Increase  of  the  area  of  the  hysteresis  loop. 
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[Footnotes ] 


sleeve  can  also  be  investigated  by 
Itolltr  methods;  however,  the  computations  will  become 
much  more  cumberscme. 

They  can  appear  on  pressfitting,  and  also  a^  a  residaa^. 
effect  of  previous  loadings. 


[list  of  Transliterated  Symbols] 


a  V  -  val  =  shaft 
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Chapter  2 
COMPOSITE  BEAMS 

§4.  PURE  BENDING  OP  A  BEAM  WITH  PRESSURE  PLATES 

Let  us  return  to  the  scheme  of  a  beam  with  a  rectangular  crosc- 
sectlon  with  thin  pressure  plates  which  are  pressed  to  the  beam  by 
pressure  £,  described  In  Pig.  5*  The  end  sections  of  the  beam  are 
loaded  by  moments  uM,  acting  In  the  structured  plane  of  symmetry. 

It  should  be  kept  In  mind  that  It  is  not  entirely  Indifferent  by 
which  method  the  bending  moment  is  applied  to  the  end:  whether  the 
corresponding  surface  loads  are  applied  only  to  the  beam  proper  or 

only  to  the  pressure  plates  or,  finally,  to  the  beam  as  well  as  to 

the  plates.  The  first  loading  version  is  assumed  below;  similar 
results  can  also  be  found  for  the  conditions  of  the  second  version. 
However,  if  the  loading  is  achieved  according  to  the  third  version 
and  the  longitudinal  stresses  are  distributed  linearly  over  the  end 
section,  then  no  frictional  forces  will  develop  between  the  pressure 
plates  and  the  beam. 

And  so,  let  us  assume  that  the  bending  moments  are  applied  only 

to  the  beam  proper,  and  the  end  sections  of  the  pressure  plates  are 

free  of  normal  stresses.  The  interaction  between  the  pressure  plate 
and  the  beam  will  differ  on  aifferent  length  segments.  At  a  certain 
distance  from  the  end  the  beam  and  the  pressure  plates  act  together 
and  no  slip  takes  place  on  the  contact  surfaces.  Tangential  forces 
are  absent  on  these  segments  and  the  normal  force  in  the  pressure 
plate  section  will  be  than  determined  by  the  formula 
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***  1# 
'  'y- • 


ft  I  1  \ 

v*»* 


where  J  is  the  momert  of  inertia  of  the  beam  section  (taking  the  pres¬ 
sure  plates  into  account),  h  is  the  height  of  the  beam  cross  section, 

F  is  the  cross-sectional  area  of  one  pressure  plate,  a  —  the  dimen- 
sionless  load  parameter,  3  =  Fh  /2J  —  a  constant  for  a  given  beam 
and  M  is  the  greatest  value  of  the  moment. 

Slip  of  the  pressure  plates  over  the  beam  surfaces  takes  place  on 
the  end  sections;  the  appearance  of  tangential  forces  q^,  correspond¬ 
ing  to  the  law  of  dry  friction.  Is  related  to  this.  Let  us  formulate 
the  equations  of  equilibrium  for  a  part  of  the  upper  pressure  plate 
shown  in  Fig.  5b: 


.V  —  q^a  —  0. 


(4.2) 


The  corresponding  part  of  the  lower  pressure  plate  acts  similar  to 
the  upper.  Equality  (4.2)  makes  it  possible  to  determine  the  dimen¬ 
sions  of  the  segment  within  the  limits  of  which  slip  takes  place: 


(4.3) 


As  can  be  seen,  as  the  load  Increases  (l.e.,  with  increasing  a)  the 
slip  is  propagated  in  the  direction  of  the  beam’s  middle.  Below  we 
consider  a  case  where  the  greatest  value  of  the  moment  is  moderate 
and  slip  does  not  reach  the  median  section  of  the  beam,  i.e.,  when 


a- 


(4.4) 


Let  us  follow  the  operation  of  the  Joint  during  various  stages 
of  the  cycle;  as  a  result  of  the  assumed  symmetry  of  the  beam  it  is 
sufficient  to  consider  only  one  half  of  it  (Fig.  27a). 

The  first  stage  (0  £  a  £  1).  As  the  moment  aM  is  increased,  the 
slip  is  propagated  from  the  free  end  of  the  pressure  plate  tc  the  mid- 
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die  of  the  beam.  The  corresponding  loading  of  the  upper  pressure  plate 
Is  described  In  Pig.  27b;  here  the  size  of  clip  f.nt  Is  determin¬ 
ed  by  Formula  (4.3)*  Considering  now  the  deflection  of  the  right  half  of 
the  beam  under  the  action  of  loads  represented  In  Pig.  27a,  we  will  fine 
the  angle  of  twist  of  the  end  section  during  the  loading  process:* 

(4.5) 


«<1 

A7. 


Pi  («)  -  — • 


kEJ . 


where  EJQ  Is  the  rigidity  In  bending  of  the  beam  without  the  pressure 
plates.  At  the  end  of  the  first  stage  a  =  1  and 


9.(1)  = 


(1-WA/Z 

EJ. 


(W 

Iqh  EJ~% 


(4.6) 


The  second  stage  (l  ^  a  ^  r).  Reverse  slip  appears  on  a  part  of 
the  contact  surface  In  the  unloading  process.  The  loading  of  the  upper 
pressure  plate  is  shown  in  Pig.  27c.  Equating  the  longitudinal  force 
(4.1)  to  the  sum  of  frictional  forces,  we  will  find  the  length  of  the 
reverse  slip  segment: 


2** 


(4.7) 


We  will  find  the  angle  of  twist  of  the  beam's  end  section  In  the  form 


*»(«)  = 


=  »(l-?)Afl  (I  -f  2«  —  «*) 


(4.8) 


If  we  substitute  a  =  1  into  this  expression,  then  we  will  again  obtain 


the  previous  result  (4.6);  for  the  end  of  the  second  stage,  when  a  =  r: 

(4.9) 


_  m  —  M*  —  M-M  .  (1  f  2r-r»)  (M/p 

?,<)  +  UTkZr. — 


The  third  stage  (r  £  a  £  1).  The  distribution  of  frictional  forces 
on  renewed  loading  Is  shown  for  the  upper  pressure  plate  In  Fig.  27d. 
The  length  of  the  se@nent  on  which  direct  slip  appears  anew: 

«*  =  — r)-  (4.10) 
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In  accordance  with  the  schematic  described  in  Pie*  27a ,  v/e  will  find 
the  angle  of  twist  of  the  beam's  end  section: 


4  « (I  -  .1//  (1  J-  **  J  2r  -  L'*r) 

9*(,)  *  EJ~~~ 


Expressions  for  q>^  and  q>£  coincide  for  a  =  r;  expressions  for  and 
coincide  similarly  for  a  =  1. 

The  first  terms  of  Expressions  (4.5),  (4.8)  and  (4.11)  are  iden¬ 
tical.  This  coincidence  is  not  accidental,  since  these  terms 


&■ 


*  (1  —  9)  Ml  a  Ml 
FJ,  ~  EJ 

represent  angles  of  twist  of  monolithic  beam,  fabricated  as  a  single 

entity  together  with  the  pressure 
plates.  The  second  terms  of  these  ex¬ 
pressions  show  the  effect  of  slip  de¬ 
veloped  between  the  beam  and  the  pres¬ 
sure  plates.  The  structure  of  these 
terms  does  not  differ  from  the  right- 
hand  sides  of  relationships  found  in 
Section  1  for  the  elementary  problem. 
Therefore  the  character  of  hysteresis 
loops  for  the  problem  being  considered 


<Wb 
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Pig.  27 


will  be  the  same  as  is  shown  in  Pig.  14. 

For  determination  of  energy  dissipation  during  cyclical  loading 
v:e  will  utilize  the  expression 

t 

T  =  .V  J  (9*  9;)  da.  (4.12) 

r 

After  performing  quadratures  we  will  find 

v  =  ***<«— f 

!2*A£/# 

If  we  now  introduce  the  amplitudes  of  the  cycle 


(4.13) 
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(4.14) 


M. 


<1  r)M 
2  ' 


then  (4.13)  can  be  written  in  the  form 


1  J<hhEJ%  • 


(4.15) 


As  can  be  seen,  the  structure  of  this  formula  coincides  with 
those  of  the  expressions  obtained  above,  in  1  and  2,  for  compression- 
tension  cases;  the  energy  dissipation  is  proportional  to  the  cube  of 
the  amplitude  of  the  bending  moment  and  is  inversely  proportional  to 
the  clamping  pressure  of  the  pressure  plates;  furthermore,  the  mean 
value  of  the  bending  moment  does  not  exert  any  influence  on  the  damping 
properties  of  the  system. 

If  Condition  (4.4)  is  not  satisfied  (for  large  values  of  the  bend¬ 
ing  moment),  *hen  slip  embraces  the  entire  length  of  the  beam.  Without 
dwelling  on  details,  which  are  similar  to  those  presented  in  §  2,  let 
us  point  out  the  final  formula  for  the  area  of  the  hysteresis  loop: 

y  =  (».-!«.*).  (4.16) 


where  as  before,  is  the  amplitude  of  the  bending  moment  and  OqM 
is  that  value  of  the  bending  moment  for  which  slip  embraces  the  entire 
length  of  the  beam;  it  is  easy  to  establish,  by  means  of  Dependence 
(4.4)  that 

(4.17) 

P 

Let  us  note  that  the  region  of  applicability  of  Formula  (4.16)  is 
limited  by  condition  My  J>  OqM,  which  means  that  slip  is  propagated 
over  the  entire  length  of  the  surface  of  contact  between  the  beam  and 
the  pressure  plates.  If  the  load  Just  reaches  the  value  for  which  slip 
is  propagated  over  the  entire  length  of  the  contact  surface,  i.e.,  if 
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condition  My  --  aQM  in  satisfied,  then  Fonnula  (4.16)  gives  the  result 
obtained  above  by  (4.19) . 

Let  lie  note  that  under*  conditions.  My  >  the  area  of  the  hys¬ 
teresis  loop  is  proprotional  to  the  first  power  of  the  amplitude  of 
the  moment,  and  not  to  the  cube  of  the  amplitude,  as  is  the  eese  for 

\  <  "oN- 

To  estimate  the  effect  of  compression  forces  £  on  energy  dissi¬ 
pation,  it  is  sufficient  to  consider  the  effect  of  the  quantity  qQ, 
which  is  proportional  to  the  pressure  £.  Substituting  Expression 

(4.17)  into  Dependence  (4.16),  we  will  get 


V-ZfcWVt/  _  2 qJA 


(4.18) 


The  maximal  value  of  V  corresponds  to  a  value  of  qQ,  equal  to 


3 


(4.19) 


In  general,  these  results  coincide  with  the  results  obtained  at 
the  end  of  §  2  for  the  problem  of  torsion  in  a  press-fit  joint. 

§5*  TRANSVERSE  BENDING  OP  CANTILEVERED  BEAMS 

Let  us  consider  structural  damping  attendant  to  transverse  bending 
of  cantilevered  composite  beams. 

We  shall  first  of  all  dwsll  on  the  problem  (Pig.  28)  first  solved 
by  Goodman  and  Klamp  [33]-  A  cantilevered  beam  consisting  of  two  iden¬ 
tical  layers,  pressed  to  one  another  by  a  distributed  pressure  £,  is 
at  its  free  end  loaded  by  force  aP,  alternating  within  the  range  be¬ 
tween  —  P  and  P.  Let  us  find  the  displacements  of  the  beam’s  end  as  a 
function  of  the  magnitude  of  the  force  acting  during  a  single  loading 
cycle. 

The  first  stage.  As  long  as  force  aP  is  small  and  the  intensity  of 
the  tangential  forces  £  in  the  plane  of  contact  between  the  layers 
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docs  not  exceed  the  value  -  fpb,  no  slip  oo'-arc  between  the  layers 
(b  is  the  width  of  the  beam).  The  system  deforms  as  though  it  were 

a  beam  with  a  monolithic  cross  section  and 
the  intensity  of  tangential  forces  on  the 
contact  surface  is  determined  by  the  D.I. 
Zhuravskiy  formula 


i  i  i  i  liiUUiliiU 


pTfjrrrrmmvn 

—  t.-j - ; 


*P 


[—  i* .  .—.a-  1»  •  IT  t  fy-.-lB.  ?  . 

]_H 


:j*p 

4A~ 


(5-1) 


•)->  -»“>>>-  v-> 
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v-%  -r-v-y> 


BJ-H 


The  deflection  of  the  end  of  the  beam  will  be 

*PP 


«>  («)  =  r 


24 EJ 


(5-a) 


Fig.  28 


Here  h  is  the  height  and  J  the  moment  of  in¬ 
ertia  of  the  section  of  one  layer. 

The  first  stage  will  be  terminated  when  the  intensity  of  the  tan¬ 
gential  forces  will  reach  the  value  q  =  q^.  According  to  (5*1)*  force 


<** 


(5.3) 


Corresponds  to  this  case  and,  according  to  (5.2),  the  deflection  of  the 
end 


«i  («•)  -  24£/* 


(5.4) 


It  is  assumed  that  Oq  <  1. 

The  second  stage.  After  the  load  has  reached  the  value  a^P,  slip 
will  begin  at  the  contact  surface.  Since  the  tangential  forces  are 
everywhere  the  same,  therefore  slip  will  occur  simultaneously  along 
the  entire  beam  length.  On  further  Increase  in  the  force  (o  >  aQ)  the 
tangential  forces  on  contact  planes  remain  constant  and  equal  to 
Each  layer  of  the  beam  bends  as  an  independent  beam. 

Figure  28b  shows  loads  resulting  In  the  deflection  of  the  layer  — 
beam:  force  1/2  aP  at  the  end  and  tangential  forces  uniformly  distrl- 

-  55  - 


butocl  over  the  entire  be- on  length.  Determining  the  do  fleet  ion  of  the 
beam  end  it  is  convenient  to  replace  the  tangential  forces  by  a  uni¬ 
formly  distributed  moment  loading  (Pig.  I’tte),  the  intensity  of  which 
will  be 


fc/i  3 *,/» 

■=  T  "  “8“ 


5'  6 


) 


The  displacement  of  the  beam  end  during  the  second  loading  stage  will 
be  determined  as  the  deflection  of  any  layer  and  is  expressed  in  the 
following  manner: 


W*  (*)  = 


*PP  nP  PP 
U EJ  3EJ  ~  24 EJ 


(5.6) 


For  the  beginning  of  the  second  loading  stage  (a  =  aQ)  Result  (5.4) 
is  again  obtained  from  (5-6).  The  second  stage  will  be  terminated 
when  the  force  will  reach  its  highest  value  P;  here  the  deflection  of 
the  end  amounts  to 

(5.7) 


The  third  stage  of  the  process  canes  at  the  instant  when  force 
aP  begins  to  decrease  (the  coefficient  a  again  becomes  less  than  unity). 
The  frictional  forces  at  the  contact  surface  also  decrease  and,  since 
q  <  Qq,  slip  between  layers  cannot  occur  and  the  beam  again  bends  as  a 
beam  with  a  monolithic  cross  section.  The  tangential  forces  at  the  con¬ 
tact  surface  will  here  be 


9  =  9* 


3  (i  —  *)P 
4  h 


(5-8) 


The  deflection  of  the  end  of  the  beam  will  be  determined  by  the 
formula 


»*(«) -=«*(») 


(t  -  «)/»/*  pp 


2AKJ 


(5.9) 


As  can  be  seen  from  (5-6)  and  (5.9)>  the  deflections  at  the 
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beginning  of  the  third  stajc  and  at  the  end  of  the  second  are  identi¬ 
cal.  Let  us  note  that  on  full  unloading  (a  =  0)  the  deflection  is  not 
equal  to  zero;  the  residual  deflection  is  equal  to 

l»4  (5.10) 


The  third  stage  will  be  terminated  for  a  value  of  the  force  cx^P 
such  that  the  tangential  forces  determined  by  Formula  (5.8)  will  reach 
the  value  q^,  but  will  be  directed  in  a  direction  opposite  to  the  one 
they  had  curing  the  first  loading  stage,  i.e.. 


9*  - 


3(1  -  a,)/ 

Mi 


—  9. 


(5.11) 


The  load  coefficient,  corresponding  to  the  termination  of  the 
third  and  the  beginning  of  the  fourth  loading  stage  is  determined 
from  the  above: 


*i  =  l—  2s, .  (5.12) 

The  deflection  of  the  beam's  end  can  here  be  found  by  Formula  (5-9), 
if  we  substitute  in  it  a  =  Oj, 

JUS 

MO  =  <4 -3*,).  (5.13) 


The  fourth  3tage.  As  soon  as  the  load  becomes  smaller  than  OjP, 
slip  between  the  beam  layers  starts  again,  however,  the  direction  of 
slip  between  the  layers  will  become  opposite.  The  deflection  of  the 
beam's  end  during  tire  third  stage  will  be  determined  as  the  deflection 
at  the  end  of  the  third  stage  plus  an  additional  deflection  of  one 
layer  due  to  the  force 


M«) : 


u3  <«,)  — 


(a,  -  m)PP 
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(5-14) 


At  the  end  of  the  fourth  stage,  when  the  force  reaches  its  smallest 
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value  (a  =  —  l),  the  deflection  will  be  equal  to 

M>  / 1  •,  ,  \ 

m4  (-1)  -  -  rr,d  j  ('•  -  ’*8)  • 

Comparing  this  with  (5.7) »  we  see  that  the  deflections  at  the 
end  of  the  second  and  at  the  end  of  the  fourth  stage  are  of  the  same 
magnitude  but  of  opposite  sign. 

Dependencies  (5.2),  (5*6)  and  (5*14)  are  represented  in  Fig.  29 
by  straight  lines  1,  2,  3  and  4,  respectively.  If  we  now  follow  the 
displacements  of  the  beam’s  end  as  the  load  increases  from  the  smallest 
to  the  largest  value  then,  on  considerations  similar  to  those  presented 
for  the  third  and  fourth  stages,  we  can  easily  obtain  the  dependencies 
described  in  Fig.  29  by  the  straight  lines  5  and  6.  A  hysteresis  loop, 
the  area  of  which  is  equal  to  the  energy  dissipation  during  one  loading 
cycle  and  which  amounts  to: 

r  =  4«*.  (0)  —  (5- 16) 


is  thus  obtained. 


For  estimating  the  effect  of  different  para¬ 
meters  of  the  Joint,  in  particular  of  the  pressure 
between  layers,  on  energy  dissipation  in  the  beam, 
it  Is  convenient  to  write  the  last  formula  in  the 
form 


2*W*(3P-4*A) 

*£/ 


(5.17) 


J4y  the  way,  this  form  of  writing  explicity  exposes 


the  linearity  of  the  relationship  f  =  y(P) ;  Formula 
(5.16)  can  create  an  erroneous  impression  that  the 
dissipated  energy  is  proportional  to  the  square  of  the  load  (actually, 
quantity  aQ  depends  on  the  maximal  force  P). 
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As  the  pivssurc-  is  increased,  the  energy  dissipation  in  the  system 


increases  at  first.  We  cun  point  out  the  optimal  value  of  the  pressure 


3 P 

p""~m 


(t,.l8) 


for  which  the  energy  dissipation  becomes  greatest: 

1*1 * 


HtJ 


(5* 19) 


Accordingly,  if  pressure  £  is  given,  then  a  value  of  force  P*  such 
that  the  energy  dissipation  is  maximal  exists.  It  can  be  found  from 
(5.13)  that  this  value  amounts  to 

/>•  =  !**.  (5.20) 


As  the  load  increases,  when  P  >  P*,  the  energy  dissipation  decreases. 

A  further  Increase  in  the  interlayer  pressure,  above  the  optimal, 
(p  >  Popt)  results  in  a  decrease  in  the  energy  dissipation.  Ir  £ 
reaches  the  limiting  value 

Pnpea  =  ^Jbh  ’  (5-21) 

then  the  twin- layered  beam  acts  as  if  It  were  continuous  for  any 
values  of  the  load  up  to  the  greatest  loading  by  force  P;  energy 
dissipation  due  to  slip  disappears  in  this  case.  Accordingly,  if  the 
pressure  is  given,  for  a  force  P  <  4/3qQh  the  composite  beam  acts 
as  a  beam  with  a  monolithic  cross  section. 

The  absorption  coefficient  can  be  determined,  for  example,  as 
a  ratio  of  the  dissipated  energy  to  the  greatest  energy  of  deforma¬ 
tion  of  one  layer: 


...  _  <i«f*  l3P  —  4?,) 

y  ftf* - 


(5.22) 


The  absorption  coefficient  reaches  its  greatest  value  for  a  load 
P*  calculated  by  Formula  (5*20)  and  decreases  sharply  with  a  decreas¬ 
ing  load. 
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The  graph  constructed  by  Goodman  and  Klamp  showing  the  dependence 
of  the  absorption  coefficient  on  the  amplitude  of  the  greatest  stress 
In  the  root  section  as  a  ratio  of  the  endurance  limit  is  presented  in 
Pig.  30.  The  graph  is  constructed  for  a  beam  composed  of  two  strips  of 
soft  steel,  32.4  cm  in  length.  The  cross  section  of  the  beam  was  square 
(1.27*1.27)  cm  ,  the  height  of  each  layer  was  (0.5*1.27)  cm.  The  layers 
were  clamped  to  one  another  by  twenty-five  calibrated  aluminum  brackets 
uniformly  distributed  over  the  length  of  the  beam  with  a  step  of  1.27  cm. 
The  pressure  with  which  the  strips  were  clamped  reached  the  value  of 

p 

p  =  5.62  kg/cm. 

The  friction  coefficient  at  the  contact  surface  was  taken  as 
equal  to  f  =  0.14.  For  comparison,  the  curve  showing  the  variation  of 
the  energy  absorption  coefficient  due  to  absorption  in  the  material 
is  also  shown  in  this  graph.  As  can  be  seen,  energy  dissipation  related 
to  the  structural  peculiarities  of  the  beam  considerably  exceeds  losses 
due  to  dissipation  in  the  material  for  any  loading  values.  As  pressure 
£  increases  this  difference  becomes  even  greater.  The  losses  In  the 
material  Increase  under  large  loads  and  the  values  of  the  two  types  of 
energy  dissipation  tend  to  even  out. 


Fig.  30*  1)  Dissipation  in  the  ma¬ 
terial;  2)  kg/cm2. 
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The  experimental  investigation  performed  by  Goodman  and  Klamp  of 
a  model  of  a  twin- layered  beam,  the  dimensions  and  structure  of  which 
were  described  in  conjunction  with  Pic-  30,  is  of  interest.  It  has 
been  established  by  special  investigations  that  the  friction  coeffi¬ 
cient  f  depends  very  little  on  the  contact  pressure  a-ui  remains  practi- 
cally  constant  as  the  number  of  cycles  increases  from  lO5  to  10  .  It 
has  also  been  established  that  in  a  wide  range  of  slip  rates  the  fric¬ 
tion  coefficient  does  not  effect  the  area  of  the  hysteresis  loop. 
Hysteresis  loops  were  taken  in  the  beginning  in  an  almost  static  mode 
and  with  a  velocity  of  1450  cycles  per  second  —  in  the  second  cycle  of 
investigations . 

The  area  of  the  hysteresis  loop  calculated  by  Formula  (5.17) 

O 

for  the  given  beam  model  for  a  pressure  p  =  5-62  kg/cm  amounts  to 
0.243  kg- cm/cycle,  while  when  measured  in  the  static  mode  it  was  0.234 
kg- cm/cycle  and  in  the  dynamic  mode,  for  a  frequency  of  1030  cycles  per 
second,  the  area  of  the  loop  was  equal  to  0.241  kg-cm/cycle.  These 


data  affirm  the  permissibility  of  utilization  of  the  law  of 


fric¬ 


tion  in  structural  damping  problems.  In  the  experiments,  alongside 
with  changing  the  above  parameters,  the  clamping  pressure  was  also 
varied  within  the  range  between  1.406  kg/cm  and  9.842  kg/cm  ;  the 
experiments  have  fully  affirmed  results  obtained  from  calculations. 
Figure  31  presents  a  graph  of  the  dependence  of  the  absorption  coeffi¬ 
cient  calculated  by  Formula  (5*22)  on  the  pressure  at  the  contact  sur¬ 
face.  The  calculated  dependence  f  =  ■f(p)  is  shown  by  the  solid  linej 
the  points  represent  the  experimental  results  obtained  under  static 
conditions;  the  results  of  the  dynamic  experiments  are  shown  by  circles, 
Let  us  now  examine  in  detail  the  problem  of  bending  of  a  cantile¬ 
vered  beam  with  thin  pressure  plates  which  is  loaded  by  an  end  force, 
cyclically  varying  with  time  (Fig.  32a).  As  has  been  pointed  out  in 
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Pig.  31  a)  Kg/cm^. 

the  introduction,  this  problem  wa..  the  first  of  the  problems  of  the 
cycle  under  consideration,  it  was  raised  and  solved  in  1953  by  Plan 
and  Hollowell  [38]. 

It  is  assumed  that  both  pressure  plates  are  clamped  to  the  beam 
by  a  pressure  £  and  tangential  forces  between  the  beam  and  the  pres¬ 
sure  plates  are  realized  only  in  the  form  of  frcitional  forces. 
we  were  to  determine  these  frictional  forces  over  the  entire  length 
of  the  pressure  plate  by  strength  of  materials  fomulas,  then  the 
condition  of  the  pressure  plate1 s  equilibrium  (projected  on  the  longi¬ 
tudinal  axis)  would  notbe  satisfied.  It  is  therefore  necessary  to 
assume  that  slip  of  pressure  plate t  over  the  beam  takes  place  at  a 
certain  segment  of  the  contact  surface.  The  frictional  forces  in 
this  region  act  in  the  reversed  direction  and  are  determined  lot  by 
the  D.I.  Zhuravkly's  formula,  but  by  the  law  of  dry  friction.  The 
dimensions  cf  the  slip  region  are  determined  from  the  conditions  of 
equilibrium  of  the  pressure  plate  (Pig.  32b). 


kmPl 

*■  **+*«/•  • 


(5.23) 


O 

where  k  ■*  Fh  /2J  is  the  value  of  the  longitudinal  intensity  of  the 
frictional  forces,  constant  for  a  given  beam  with  pressure  platt3, 

P  is  the  cross-sectional  area  of  a  pressure  plate,  J  is  the  moment 
of  inertia  of  the  cross  section  of  the  beam  and  the  pressui  plates 
and  b  and  hare  the  width  and  height  of  the  beam  cross  section. 
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When  the  load  increases,  the  dimensions  of  the  slip  region  are 
also  increased  and  embrace  hall'  of  the  contact  surface  for  the  load 


The  tangential  forces  in  that  part  of  the  contact  surface  where 
they  are  determined  by  the  D. I.  Zhuravskiy’s  formula  increase  with 
the  increase  in  the  load,  fit  the  instant  when  the  force  will  reach 
the  value  aQP,  determined  by  Formula  (5.24),  these  tangential  forces 
will  become  equal  to  q^  and  therefore  slip  will  occur  also  on  the 
other  half  of  the  contact  surface,  but  it  will  be  directed  in  the 
opposite  direction.  Friction  forces  of  opposite  direction  thus  act 
on  each  of  the  halves  (Fig.  32c).  A  further  increase  in  the  load  will 

not  change  the  pressure  plate  loading 
conditions. 

It  should  be  noted  that  the  posi¬ 
tion  of  the  slip  zone  is  pointed  out  by 
Plan  and  Hollowell  without  an  appropri¬ 
ate  explanation.  It  is  therefore  useful 
to  dwell  in  particular  on  the  problem  of 
the  position  of  the  initial  slip  zone. 

As  has  been  pointed  out,  the  appearance 
of  the  slip  zone  in  the  problem  under 
consideration  is  necessary  on  static 
considerations;  however  the  position  of 
this  zone  cannot  be  determined  from  the 
equilibrium  conditions  only. 

Slip  will  occur  first  of  all  namely 
at  the  left  end  of  the  pressure  plates  for  the  reason  that  bending  mo¬ 
ments,  resulting  in  deformations  e  =  K/EW  in  the  extreme  beam  layers, 
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Fig.  32 


act  on  the  pressure  plates  in  the  corresponding  beam  sections,  while 
the  pressure  plates  do  not  experience  any  longitudinal  deformations 
(the  longitudinal  forces  in  these  pressure  plates'  cross  sections  are 
zero).  Slip  of  extreme  layers  of  the  beam  relative  to  the  pressure 
plates  is  here  inevitable  due  to  the  difference  in  deformations;  fur¬ 
thermore,  as  the  loading  will  Increase,  slip  will  be  propagated  from 
the  left  pressure  plate  ends  to  their  middle.  The  length  of  the  slip 
zo.ie  is  determined  at  any  instant  from  the  condition  that  the  deforma¬ 
tions  of  the  pressure  plate  and  the  extreme  beam  fibers  at  its  bound¬ 
ary  are  identical.  The  beam  seems  to  have  a  monolithic  cross  section 
at  the  right  sides  of  the  pressure  plates  and  the  tangential  forces 
on  the  contact  surfaces  are  determined  by  Zhuravskiy's  formula. 

To  analyze  the  deflections  of  the  beam  during  different  loading 
stages,  it  is  simplest  to  consider  the  bending  of  the  beam  without 
pressure  plates,  replacing  the  action  of  the  latter  by  corresponding 

tangential  forces  (or,  in  a  manner  of  speaking 
— ■- -4-—- ■  —  by  distributed  bending  moments).  Figure  33 


liiSiSi 


Fig.  33 


describes  three  diagrams  of  bending  moments, 
corresponding  to  three  ordinary  stages  of  beam 
loading.  These  diagrams  pertain  to  a  beam  with¬ 
out  pressure  plates;  their  peculiar  form  is  de¬ 
termined  by  the  peculiarities  of  the  action  of 
the  pressure  plates  over  different  segments  of 
length. 


Utilizing  the  graphico- analytic  method  for  determination  of  deflec¬ 
tions,  we  can  find  that  the  deflection  of  the  beam's  end  during  each 


stage  amounts  to: 


mPP  qkP  •?&*—2k*Pok 

esr,  • 


(5.24) 
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(5.25) 


*PP  qhP  fP5**  +  2 Pkqk 
u*  «A7.  j  (PT+iA)*"  ~ 

4,  (1  -  «)*  P*lr  -f  4  (1  —  «)  Pkqk  | 

1(1 -«)/'*  + 2g/il*  j* 

■  PP  f/#P  fP5**  +  2Pkqh 
" 3  ~a^:  titv.l  (P*  +  ,a>* 

(1  -  rfP*k*  -f  4  ( 1  —  r)Pkqh  , 

1(1  -r)Pk -r'lqW  + 

?  («  -  rfP*k*  -f  4  («  -  r)P***l 

1  nrrTTPA^w  J*  (5.26) 


here  the  lengths  a2  and  a^  of  slip  segments  are  equal  (the  length  of 
segnent  a.^  Is  given  above  In  Formula  (5.23)): 


(1  —  «)PH 
(1  —  *)Pk+2q  * 


(5.27) 


«j  = 


(«  —  r)  PH 
(^— r)P*  +  2gi* 


(5.28) 


A  calculation  of  the  area  of  the  hysteresis  loop  gives 


PjPPqh 
GEJ,‘U>r  +  ?*>* 


(5.29) 


The  dependence  of  the  area  of  the  hysteresis  loop  on  the  load  Is  close 
to  cubic;  as  In  the  majority  of  previously  considered  cases,  the  area 
of  the  hysteresis  loop  is  Independent  of  the  mean  value  of  the  cycle’s 
load. 

Experiments  performed  by  Plan  and  Hollowell  on  a  model  of  a  beam 
have  confirmed  that  the  dependence  between  the  area  of  the  hysteresis 
loop  and  the  loading  amplitude  Is  close  to  cubic.  Figure  3^  shows  the 
graph  of  the  dependence  of  the  area  of  the  hysteresis  loop  on  the  amp¬ 
litude  of  the  moment  In  the  root  section  of  the  cantilevered  beam. 
Experimental  results  are  denoted  by  points;  the  solid  line  corresponds 
to  the  analytic  dependence  (5.29).  Similar  dependencies  were  obtained 
for  three  different  values  of  clamping  forces. 
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Let  us  turn  to  the  scheme  of  a  leaf  spring  with  point  contact  be¬ 
tween  the  leaves  [27].  An  elementary  model  of  this  system  Is  shown  In 
FIs*  35  and  It  represents  a  cantilevered  beam  built  up  from  two  leaves. 
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Pig.  34.  a)  kg- cm/ 
cycle;  b)  kg- cm. 


rigidly  inserted  in  the  root  section.  Shoes 
are  fastened  to  the  leaves  at  sections  close 
to  the  ends,  so  that  contact  between  the  leaves 
is  possible  only  over  small  surfaces  of  con¬ 
tact  between  the  shoos  and  can  be  considered 
as  point  contact.  The  leaves  are  held  toge¬ 
ther  by  a  clamp  around  the  end  section;  this, 
however,  does  not  prevent  possible  slip  of  one 
leaf  relative  to  another.  The  clamping  force 
between  the  leaves  is  taken  as  equal  to  P*. 


The  external  load  is,  in  the  fora  of  a  force  aP,  applied  to  the  end 
section  of  the  upper  leaf;  half  of  this  force  is  transmitted  to  the 
lower  leaf  through  the  contact  surface. 

No  slip  occurs  at  the  contact  surfaces  for  relatively  small  values 
of  the  external  load  aP  and  the  spring  deforms  as  a  channel- shaped 
frame  with  an  absolutely  rigid  cross  bar.  The  transverse  force  in  the 


frame1 s  cross  bar  in  this  case  is: 


(5*30) 


(h  is  the  distance  between  the  leaves’  centers  of  gravity  and  1  is 
the  length  of  the  spring);  here  Q  is  smaller  than  the  limiting  force 


T  which  is  determined  by  the  law  of  dry  friction: 


r  =  (p.+irf),. 


(5-31) 


The  displacement  of  the  end  section  is,  during  this  stage,  determined 
by  the  formula 
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(e>.32) 


St/*/1 

u,(  '  a)  ■  2MlJ 


± 


where  EJ  is  the  rigidity  in  bending  or  one  spring  leaf.  Sc-^nent  1 

of  the  graph  (Pig.  36a)  corresponds  to  this 

I  o 

loading  stage. 

The  first  stage  of  the  system’s  elastic 
deformation  terminates  as  soon  as  slip  appears 
in  the  point  of  contact.  The  appearance  of 
slip  becomes  possible  if  the  transverse  force 
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Fig.  35 

in  the  cross  bar,  Q,  reaches  the  value  of  the  limiting  force  T.  There- 


Fig.  36 

after  the  structure  begins  to  act  as  a  system  with  friction.  The  load 
for  which  slip  appears  and  the  second  stage  begins  is  determined  by 
the  formula 


4 P*fh 
7—  2fk ' 


(5.33) 


The  displacements  of  the  end  section  during  this  stage  are  determined 
by  the  formula 


«#*  (*P  -f  2P*)  fhP 

W - aEJ - 


(5-34) 


Segment  2  on  the  graph  (Fig.  36a)  corresponds  to  this  dependence.  The 
second  term  of  Expression  (5-33)  characterizes  the  frictional  properties 
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of  the  system.  The  system's  rigidity  during  this  loading  stage  amounts 
to  1/2(2  —  3fh/l)  of  the  frame's  rigidity  24EJ/1^.  After  the  load  has 
reached  its  greatest  value  (a  =  1)  and  begun  to  decrease,  slip  ceases 
and  the  spring  again  deforms  as  a  channel- shaped  frame  with  a  rigid 
cross  bar.  Dependence  u^  =  u^-^  on  this  segment  of  the  hysteresis 

loop  is  written  in  the  form 


«»(*. 


*)  - 


(m  +  Z)IH3 
2AEJ 


4 EJ  1 


(5-35) 


and  is  represented  by  segment  3  in  Pig.  36a*  Here  the  rigidity  is  the 
same  as  during  the  first  stage. 

The  third  loading  stage  for  the  beam  terminates  when  reverse  slip 
appears  on  the  contact  surface.  Thereafter,  the  displacement  of  the 
end  section  (segment  3  in  Fig.  36a)  is  determined  by  the  formula 

(5-36) 


**■#> 


•P  +  21*  - 


If  the  external  load  is  completely  taken  of£  then,  in  the  presence 
of  initial  tension  P*  /  0,  the  end  section  does  not  return  to  the  zero 
position.  The  residual  deflection  will  be  equal  to: 

•,</.  *>- w  (5.37) 


If  ?*  «  0,  then  the  three  stages  which  were  considered  acquire  the 
character  described  in  Pig.  36b.  Wien  the  load  takes  on  a  minimal  value, 
the  third  stage  ends.  Thereafter  reverse  slip  ceases  and  the  system 
again  deforms  as  a  channel- shaped  frame  on  new  loading.  The  displace¬ 
ment  of  the  end  section  during  this  fifth  loading  stage  is  determined 
by  the  formula 

(5-38) 

(segment  5  in  Pig.  36a).  The  fifth  stage  terminates  when  direct  slip 
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arises  on  the  contact  surface.  The  end  of  the  fifth  stage  completes  a 
complete  loading  cycle.  Stages  2  —  3  —  4  —  are  repeated  during  sub¬ 
sequent  cycles. 

The  area  of  the  hysteresis  loop  for  an  arbitrary  oharact eristic 
of  the  cycle  is  determined  by  the  formula 


where 


V 


4 EJfab 


[Pa  (P  --  4/**)  -  rPt.  (rp  +  4 1*\  -  XU'*1] , 


(5-39) 


,_#-2 w  .  u+mr 

'—}*—■  * — jn — 


(9.40) 


Formula  (5-38)  shows  the  peculiar  dependence  of  the  area  of  the  hys¬ 
teresis  loop  on  the  clamping  effort  [applied  to]  the  contact  surfaces. 
As  in  the  case  of  the  cantilevered  beam,  we  can  point  out  an  optimal 
clamping  effort  for  which  the  energy  dissipation  in  the  system  becomes 
maximal ;  this  force  is  equal  to: 

(5.41) 


There  is  little  energy  dissipation  due  to  friction  at  the  contact  sur¬ 
face  for  small  values  of  P*,  for  P*  =  0  it  depends  only  on  the  external 
load.  If  the  clamping  effort  satisfies  the  inequality 

Kr**  >  !«-»*+  +  (5-42) 


then  the  beam  acts  as  an  elastic  channel- shaped  frame  for  any  loads  up 
to  the  maximal  [load]  P;  no  slip  arises  on  the  contact  area  between 
the  leaves  in  this  case.  For  the  given  clamping  force  we  can  here  point 
out  the  load 


IGF* 


(5.43) 


which  corresponds  to  maximal  energy  dissipation. 


If  the  initial  pressure  between  the  leaves  is  absent  (P*  =*  0), 
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then  Formula  (5*38)  acquires  the  form 

T  I W>,/<. -<*•..  !>.)(»- «>>•  (5-44) 

This  formula  shows  distinctly  the  dependence  of  the  energy  dissipation 
on  the  mean  value  of  the  load.  This  dependence  is  a  result  of  the  exist¬ 
ence  of  a  relationship  between  the  frictional  forces  and  the  external 
load.  It  is  not  difficult  to  notice  that,  in  the  absence  of  this  rela¬ 
tionship,  when  T  =  fP*,  the  limiting  frictional  force  Is  Independent 
of  the  external  load  and  the  second  term  vanishes  in  Formula  (5*31); 
the  Formula  for  the  area  of  the  hysteresis  loop  (5.39)  acquires  the 
form 

Y  =  (5.45) 

Below  are  presented  results  of  static  and  dynamic  tests  of  a  model  of 
a  two- leaf  spring.  The  schematic  of  the  installation  is  shown  in  Fig. 
37-  The  spring  leaves  were  made  from  spring  steel,  the  length  of  the 


r^= 


] 


Pig.  37 

leaves  1  -  500  nm  and  the  dimensions  of  the  leaf  cross  sections 
t  x  b  *  8  x  65  mm.  The  contact  surfaces  were  cleaned  to  remove  the 
skin  and  were  degreased. 

The  areas  of  the  hysteresis  loops  were  measured  under  static  con¬ 
ditions  (cycle  length  3-4  minutes)  after  the  Joint  had  been  properly 
conditioned  (10^  cycles)  under  dynamic  conditions. 
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The  curves  of  damped  vibrations  were  recorded  during  the  dynamic 
tests  by  a  tensometer  installation  with  wire  sensors.  Then  the  energy 
dissipation  durinp  one  cycle  was  determined  by  the  curve  in  the.  usual 
manner  for  different  amplitudes. 
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Pig*  38.  a)  Kg -cm; 
b)  kg. 


Figure  38  presents  a  graph  of  the  dependence  of  the  area  of  the 
hysteresis  loop  on  the  force  with  which  the  leaves  are  clamped  together. 
The  results  of  calculations  for  a  symmetrical  cycle  for  two  values  of 
the  friction  coefficient  C  *  0.20  and  f  -  0.25,  by  Fonnula  (5*39)  are 
shown  by  the  solid  line.  Experimental  results  are  denoted  by  points. 

The  experiments  confirm  the  existence  of  an  optimal  clamping  force 
P^opt *  P°r  wblch  the  greatest  energy  dissipation  exists  in  the  Joint 
for  a  given  external  load. 

For  large  clamping  forces  (considerably  larger  than  Popt^  the  ex¬ 
perimental  points  do  not  agree  with  analytic  results.  This  is  due  to 
the  fact  that  the  experimentally  measured  energy  dissipation  depends 
not  only  on  the  friction  in  the  slip  region  but  also  on  other  factors 
(energy  dissipation  in  the  beam’s  fastening  and  in  its  material),  hys¬ 
teresis  of  another  type  acquires  dominating  significance  for  large 
clamping  efforts.  Ratio  can  be  utilized  for  estimating  the 

relative  importance  of  losses;  as  can  be  seen,  the  relationship  between 
the  two  types  of  losses  for  a  spring  on  optimal  clamping  P*opt  fluctu- 


-  71  - 


ates  between  8  and  10. 


a 


Pig.  39.  a)  Kg;  b) 
[era] . 


Figure  39  shows  the  graph  of  variation 
of  the  absorption  coefficient  as  a  function 
of  the  amplitude  of  the  damped  vibrations; 
theoretically  calculated  results  are  also 
presented  for  comparison.  The  experiments 
point  to  an  increase  of  the  absorption  co¬ 
efficient  with  decreasing  amplitudes.  How¬ 


ever,  for  a  preset  value  of  the  amplitude  of  vibrations  slip  vanishes 
from  the  contact  surface,  rigid  coupling  between  the  leaves  takes  over 
and  the  spring  begins  to  act  as  an  elastic  system;  in  addition  energy 
dissipation  due  to  friction  on  the  contact  surface  also  ceases.  The 
fact  that  cohesion  takes  place  between  the  contact  surfaces  is  also  ex¬ 
pressed  by  the  fact  that  a  change  in  the  rigidity  of  the  system,  and 
together  with  this  in  the  frequency  of  natural  oscillations,  takes 
place.  Figure  40  presents  an  experimental  graph  of  the  variation  of 
the  frequency  of  a  system’s  natural  oscillations  as  a  function  of  the 
amplitude  of  oscillations. 

Similar  experimental  results  were  ob¬ 
tained  also  in  investigations  of  stacked 
joint 8  of  flat  cantilevered  rods  (multi- 
leaf  spring  of  the  cantilever  type)  with 
point  contact  between  them. 
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Fig.  40.  a)  Cycles  pelr 
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§6.  TRANSVERSE  BENDING  OF  A  MULTILAYERED  CANTILEVER 

The  Goodman  and  Klamp  problem  on  bending  of  a  two- layer  cantilever 
considered  in  the  preceding  paragraph  can  be  extended  to  the  case  when 
the  cantilever  consists  of  many  layers  (Fig.  41).  Let  us  assume  that 
the  layers  are  identical  (made  from  the  same  material  and  having  iden- 
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tical  dimensions)  and  the  compression  intensity  between  the  layers  Is 
constant  along  the  beam  length  for  all  contact  surfaces.  The  cantilever 
is  loaded  at  the  end  by  a  periodic  force  aP,  the  coefficient  of  which 

varies  within  the  limits  of  -1  ^  a  <  l. 

Let  us  first  furn  to  a  three- lay ered 
beam  (Pig.  42a).  The  first  process  of  load¬ 
ing  the  beam  (0  £  a  £  1)  consists  of  two 
stages.  During  the  first  stage,  when  the 
tangential  forces  on  the  contact  surfaces  are  sufficiently  small  and 
satisfy  the  inequality 
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no  slip  occurs  between  the  layers 
and  the  cantilever  bends  as  a  beam 
of  a  monolithic  cross  section.  The 
deflection  at  \,he  beam's  end  will 
here  be: 


.  .  mPf 


(6.2) 


Symbols  b,  h  and  J  *  birvl2  in 


Formulas  (6.1)  and  (6.2)  denote,  re- 
Pig.  42  spectively,  the  dimensions  of  the 

cross  section  and  the  moment  of  inertia  of  a  single  beam  layer. 

The  first  stage  will  be  terminated  at  the  instant  when  the  tangen¬ 
tial  forces  determined  by  Formula  (6.1)  will  reach  the  value  qQ.  The 
force  here  has  the  value 


(6.3) 


and  the  deflection  of  the  end  amounts  to 
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(6.4) 


“• (**> "  STB 

Force  <XqP  Is  not  distributed  uniformly  between  the  layers: 

7/27  atgP  is  devolved  upon  each  of  the  extreme  layers  and  13/2?  aQP 
upon  the  median  layer.  This  distribution  can  be  found  from  the  tangen¬ 
tial  forces  diagram  or  from  the  equality  of  deflections  of  the  ends 
of  the  median  and  extreme  layers  due  to  the  load  shown  in  Fig.  42b. 

During  the  second  stage  (aQ  ^  a  ^  1),  as  soon  as  the  force  ex¬ 
ceeds  the  value  OqP,  simultaneous  slip  along  both  contact  surfaces 
takes  place  over  the  entire  length  of  the  cantilever.  The  beam  loses 
its  monollthlclty  and  subsequently  bends  as  three  separate  beam- 
layers  j  since  the  deflections  of  these  layers  are  identical,  the  load 
increase  (a  —  Oq)P  will  be  equally  distributed  between  the  layers.  The 
deflection  of  the  cantilever  end  is  here  determined  by  the  foimula 

“•(«)* «i (s)+  jgy  («-«.)«  g£gy (9«- 8-0-  (6.5) 


At  the  end  of  the  second  stage,  when  the  force  reaches  Its  great¬ 
est  value  (a  »  1),  the  deflection  will  be 


The  unloading  process  also  consists  of  two  stages.  During  the 
first  stage,  when  the  load  decreases,  (a*0  £  a  £  1),  the  cantilever 
again  bends  as  a  beam  with  a  monolithic  cross  section.  The  tangential 
forces  on  the  contact  surfaces 


? 


5* 


(6.6) 


and  the  deflection  of  the  beam's  end 

u*  (*)  ~  (1)  — (8  — 8»,  -f  «)■  (6.7) 

If  the  load  Is  completely  removed  (a  »  0),  then  the  beam,  obvious- 
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ly,  will  hot  return  to  its  initial  position.  The  residual  deflection 

8 PP 

Ua  *"  gi EJ  ^ 

The  first  stage  of  the  unloading  process  will  terminate  at  the 
instant  when  the  tangential  forces  determined  by  Formula  (6.6)  will 
reach  the  value  with  a  minus  sign.  The  coefficient  ag,  corresponding 
to  the  force  at  the  end  of  the  third  stage 

4  =  »-^  =  i-2s  (6-8) 

is  determined  from  this  condition. 

During  the  second  unloading  stage  (—1  a  £  ag) ,  as  soon  as  the 
force  becomes  smaller  than  agP,  slip  again  occurs  between  the  layers. 

But  now  the  layers  will  be  displaced  in  a  direction  opposite  to  the 
direction  of  slip  during  the  second  loading  stage. 

The  deflection  of  the  beam’s  end  during  the  second  unloading  stage 
is  determined  from  the  formula 

Pi*  pp 

u*  (*)  —  u*  (*• )  <jj £j  (*t  *)  —  ihjpj (8*#  +  9«).  (6. 9) 

At  the  end  of  this  stage,  when  a  =  —  1,  the  deflection  will  be 

*•<-’>  “-SB*9-8'**- 

As  can  be  seen,  the  magnitude  of  the  deflection  for  the  smallest 
value  of  the  force  is  equal  to  the  deflection  due  to  the  greatest  load 
magnitude,  but  is  of  opposite  sign. 

If  we  now  again  Increase  the  force,  varying  the  load  coefficient 
between  the  limits  from  —1  to  +  1,  then  it  becomes  necessary  to  consider 
a  secondary  loading  process  which  is  fully  analogous  to  the  unloading 
process.  The  hysteresis  loop  can  be  constructed  by  Dependencies  (6.2), 
(6.5),  (6.7)  and  (6.9).  A  sample  of  its  shape  is  given  in  Fig.  43.  Curve 
0  —  1  —  2  corresponds  to  the  first  loading  period,  curve  2  —  1*  —  2*  —  t 
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the  unloading  period  and  the  dashed  curve  —  to  the  secondary  loading 
period.  The  area  of  the  hysteresis  loop  will  bt : 


V  =  4u,  (0)  mJP  — 


32*,  (1  -  «,)/*** 


(6.10) 


Let  us  pass  on  to  the  consideration  of  a  beam  consisting  of  many 

Identical  layers  (Pig.  4l).  Let  us  assume  that 

mpt 

i  n,  the  number  of  layers.  Is  odd.  The  median 

/  I  layer  will  be  called  the  first,  and  the  number- 

-f—j  ing  of  layers  will  be  subsequently  extended  for 

one,  upper  half  of  the  beam,  starting  from  the 
median  layer  to  the  extreme  layer.  The  same  num- 


Flg.  43 


berlng  [system]  Is  also  retained  for  layers 


situated  below  the  median  layer. 

Let  us  consider  the  first  loading  period,  when  the  force  Increases 
from  0  to  P.  The  first  stage  of  this  period  Is  characterized  by  the 
fact  that  the  tangential  forces  on  all  contact  planes  are  smaller  than 
their  limiting  value  q  £  q^.  The  cantilever  bends  as  a  beam  of  monolith¬ 
ic  cross  section;  the  tangential  forces  at  an  area  situated  at  a  dis¬ 


tance  £  from  the  neutral  layer  are  determined  by  the  formula 


V)* 


(6.11) 


and  the  deflections  at  the  end  will  be 

/  *  ««• 

“W”SW 


(6.12) 


In  particular,  the  tangential  forces  at  the  contact  planes  of  the 
first  layer  (y  -  l/2h)  will  be: 


3*P(?  —  1) 


(6.13) 


The  first  loading  stage  will  terminate  at  the  Instant  when  these 
tangential  forces  will  reach  the  value  q^.  The  value  of  the  force 
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aQ1P,  corresponding  to  the  end  of  the  first  stage,  is  detennined  from 
Formula  (6.13)>  if  we  set  in  it  q^  =  qQ: 

**,P  =  a^ZTf)  (6.14) 


the  value  of  the  end  deflection  will  he  re  be: 


u  (*,,) « 


*.,/'/*  IV* 

WEJ  Tl  («•  —  !)£/ 


(6.15) 


As  soon  as  the  load  becomes  greater  than  a01P,  slip  will  occur 
along  the  contact  planes  of  the  first  layer.  The  cantilever  cross 
section  is  no  longer  monolithic  and  we  now  have  three  beams  which 
bend  together:  the  first  layer  and  two  banks,  composed  of  layers  situ¬ 
ated  above  and  below  the  first  layer.  The  simultaneousness  of  bending 
of  these  three  beams  is  expressed  in  identity  of  the  deflections,  and 
therefore  the  load  increase  (o  —  Oq^)?  is  distributed  between  the 
beams  proportional  to  their  rigidities  in  bending. 

It  can  be  shown  that  secondary  slip  will  occur  along  surfaces  of 
contact  between  the  second  and  third  layers.  The  slip  between  layers 
will  subsequently  be  propagated,  with  .increasing  load,  from  the  middle 
to  the  extreme  layers.  For  the  sake  of  brevity,  those  beam  layers  whlct 
are  subject  to  slip  conditions  will  be  called  displaced.  It  Is  conven¬ 
ient  to  follow  the  process  of  slip  transition  from  one  contact  plane 
to  another  on  a  tangential  force  diagram  in  any  cross  section  of  the 
cantilever  (Fig.  44). 

Let  us  consider  the  upper  half  of  the  section.  Parabola  q^,  ana¬ 
lytically  expressed  by  Foraula  (6.11),  corresponds  to  the  beginning  of 
first  slip.  This  parabola  passes  through  the  points  -  0,  y  »  rih/2 
and  q1  =  q^,  y  =  h/2.  Secondary  slip  will  occur  at  the  instant  when 
the  tangential  force  diagram  will  be  described  by  parabola  q, 2 ,  which 
should  pass  through  the  points  q2  «  0,  y  *  nh/2;  qg  *  qg,  y  =  3/2h  and 
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Qg  *  £*o»  y  **  h/2.  Let  us  denote  the  corresponding  value  of  the  force  by 

Since  the  bending  of  the  already  dis- 
_ !  placed  layer  also  increases  as  the  force  is 


^  J _ VwJ 

f _ 


Pig.  44 


increased  from  a^P  to  Oq2P,  this  layer  will 
also  accept  a  part  of  the  load  increment.  Sub¬ 
sequent  load  increase  to  the  value  cxq^P  re¬ 
sults  in  a  third  slip,  with  parabola  q^  cor¬ 
responding  to  it,  etc. 

Let  the  slip  reach  the  fcth  contact  plane 


when  the  magnitude  of  the  force  is  a^P  (Pig.  45).  It  is  obvious  that 
this  plane  is  situated  between  layers  k  and  k  +  2.  At  the  same  time, 
the  diagram  of  tangential  forces  on  that  part  of  the  section  which  is 
situated  between  the  kth  and  the  extreme  layer  is  described  by  para¬ 
bola  q^,  whose  equation  is 


(6.16) 


+  **«(«— 2* +2)1. 


In  this  formula  k  is  the  number  of  displaced  layers.  Since  the 
slip  process  occurs  simultaneously  below  as  well  as  above  the  median 
layer,  therefore  k  «  1,  3,  5,  ...  (n  —  2).  In  particular.  Dependence 
(6.11)  corresponding  to  the  first  slip  is  obtained  frcm  Formula  (6.16) 
for  k  «  1,  the  second  slip  will  take  place  for  k  *  3,  etc. 

Slip  between  layers  (k  +  2)  and  (k  +  4) 
will  occur  when  the  force  will  have  the  value 
°0,  when  the  diagram  of  tangential  for¬ 

ces  in  the  extreme  layers  (6.5)  will  be  re¬ 
presented  by  the  parabola 

Pig.  45  +  17) 

+  *•»(«- 2*  — 2)  J. 


This  expression  is  obtained  from  (6.16)  by  replacing  k  by  (k  +  2). 

Thus,  a  load  increase  by  the  value 

*  =  (*♦.  *+a  —  «#.  u)P  (6. 18) 

displaces  slip  ^ast  one  layer,  if  we  consider  only  one  half  of  the 
beam  section.  The  load  increment  increases  the  tangential  forces  not 
only  in  the  bank  of  extreme  layers,  but  also  in  each  of  the  displaced 
layers . 

The  tangential  forces  in  the  bank  of  extreme  layers  will  increase 
by  the  value 

•  (619) 

•  l-V  +  2(M-A)Ay  —  tfuJkl. 

Force  ^  corresponding  to  such  an  increment  of  the  tangen¬ 

tial  stresses  at  one  half  of  the  cross  section,  is  numerically  equal 
to  the  area  crosshatched  in  Fig.  45. 


nh 

-  $k*qk*%‘*i*  =  7j**~4  f*'  (6.20) 

T 

Let  us  denote  the  increment  of  the  transverse  force  in  one  dis¬ 
placed  layer,  when  the  load  increases  by  AP^,  by  Aft^.  Each  of  the  k 
displaced  layers  will  have  this  Increment  of  the  shear  force.  Conse¬ 
quently,  the  load  increment  can  be  written  in  the  form  of  an  equality 


APifw  -  2 +  k*Qv  (6. 21) 

In  addition,  quantities  AQj^  ^  AQ^  are  related  to  one  another 
by  the  condition  of  equality  of  the  deflections  of  the  extreme  layer 
bank  and  c no  displaced  layer,  l.e.. 


&&Qh- 

jw“  =  T(.  -3)*£/ 


(6.22) 


From  this 
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(6.23) 


Consequently,  we  can  write  Equality  (r. 21)  in  the  form 

,0  + 

- (i—'kf - 

Substituting  here  \c  froni  (6*20),  we  get 

ap  -  2l»-ir  +  Sk 
AP*!^*  («  — 4)  1(«  —  4/*— 4 1**' 


(6.24) 


(6.25) 


The  increment  of  force  a^?,  necessary  for  the  slip  to  be  dis¬ 
placed  through  one  layer,  is  determined  by  this  formula. 

The  following  dependence  between  the  values  of  the  load  at  the 
ends  of  two  adjacent  loading  stages  is  now  obtained  from  Formula 
(6. 18)  s 


4-AIV+ ?.*  — 1 


v6- 26) 


Dividing  through  all  the  terms  of  this  equality  by  the  maximal 
value  of  the  load  P,  we  will  obtain  the  relationship  between  the 


loading  coefficients  of  two  adjacent  loading  stages 


«M+l  **«m  + 


2(»  — *f  +  8* 


(6.27) 


If  we  utilise  Equality  (6.14)  then  we  can  represent  this  relation¬ 
ship  by  the  coefficient  Oq  j,  corresponding  to  the  first  slip,  i.e.. 


,  3  (**  —  i)  12(*  —  *)*  +  8*1  _ 
”  **-*+  2^;.-i)i<«— 


(6.28) 


Formulas  (6.26)  and  (6.27)  represent  recurrent  dependencies,  making 
it  possible,  starting  with  the  first  btage,  to  obtain  the  values  of 
loads  successively  at  the  end  of  the  second,  third,  fourth,  etc., 
loading  stages.  The  stage  corresponding  to  k  -  n  —  4,  when  slip  will 
reach  the  extreme  beam  layers,  will  be  the  one  before  last.  Thereafter 
the  beam  will  act  as  n  separate  layers  which  have  identical  deflections. 

Let  us  now  turn  to  the  determination  of  deflections  of  the  beam’s 
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end  during  different  loading  stages.  The  deflection  at  the  end  of  the 
first  stage  Is  determined  by  Formula  (6.12).  Let  the  deflection  have 
the  value  u(aQ  ^  at  the  Instant  layer  k  is  slipping.  Then  the  force 
Increment  AP^+2  ^creases  the  slip  region  again  by  one  layer  from 
each  side  and  results  in  a  deflection  increment  by  the  value  Au^. 
Consequently,  the  deflection  due  to  force  Oq  k+2p  can  te  written  in 
the  form 


“(«#.k+2)  =  “(«•.*)+ Au*. 


(6.29) 


The  value  of  the  deflection  increment  Au^  is  determined  from 
Formula  (6.22),  where  from  (6.24)  should  be  substituted. 

Finally,  we  will  get 


3  («  —  k)  l(*  —  kf  —  4TE7  ‘ 


(6.30) 


If  we  substitute  here  qQh  from  (6.14),  then 


“K*+a) 


«*/*!• 

**  («  —  <r)l(«  ~kf—AV~£T‘ 


(6.31) 


We  have  obtained  a  recurrent  formula,  relating  the  deflections 
of  the  beam’s  end  during  two  adjacent  loading  stages.  Deflections  of 
stages  starting  with  the  second  and  ending  with  the  one  before  the 
last  are  determined  by  this  formula.  During  the  last  loading  stage, 
when  slip  has  embraced  all  contact  surfaces  and  the  cantilever  bends 
as  a  system  of  separate  beam- layers,  the  deflections  are  deter¬ 
mined  from  the  following  equality: 

M«)°.(«..-,)  +  (-  +  £%^.  (6.32) 


Here  a,,^. 

When  the  force  reaches  its  greatest  value,  the  deflect ion  *rill  be: 

=  +  (6.33) 
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We  shall  now  consider  the  unloading  period,  during  which  the 
force  is  decreased  from  P  to  —  P.  The  values  of  load  coefficients 
will  be  denoted  by  a*.  Stages  analogous  to  those  already  considered 
in  the  first  loading  period  can  be  observed  during  the  unloading  period. 
During  the  first  unloading  stage  the  cantilever  bends  as  a  beam  with 
a  monolithic  cross  section.  The  tangential  forces  in  all  layers  of 
the  cross  section  decrease  during  this  time.  In  particular,  the  tan¬ 
gential  forces  on  contact  surfaces,  displaced  when  the  layers  were 
loaded,  i.e.,  for  y  ■  kh/2,  will  be 

(6.34) 

The  displacement  of  the  beam's  end  during  the  first  unloading 
stage  will  be  found  as  the  difference  between  the  deflection  for  the 
greatest  value  of  the  force  and  the  deflection  due  to  a  change  in 
the  load  by  (1  —  a*)P: 

<•(«*) -«<!)- -  (6-35) 


The  first  stage  will  terminate  when  the  tangential  forces  at 
the  contact  surfaces  of  the  first  layer  will  reach  the  value  qQ, 
i.e.,  q  *  —  q^.  The  value  of  the  load  coefficient  at  the  end  of  the 
first  unloading  stage  is  determined  from  this  condition.  Utilizing 
Equality  (6.14),  we  will  get 


3(i?^l)>  =1~2 


(6.36) 


The  result  obtained  for  a  multilayered  beam  will  naturally  be 
the  same  as  for  a  beam  formed  by  two  or  three  identical  layers.  As 
can  be  seen,  the  absolute  value  of  the  force  during  the  first  unload¬ 
ing  stage  becomes  twice  as  large  as  on  the  first  loading  stage.  This 
is  due  to  the  fact  that  a  force  equal  in  magnitude  to  ckq^P  Is  needed 
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at  the  beginning  of  unloading  so  that  the  tangential  forces  on  the 
contact  surfaces  of  the  first  slip  should  become  zero.  The  same  magni¬ 
tude  of  force  Is  subsequently  also  needed  so  that  the  tangential  for¬ 
ces  on  the  same  planes,  on  changing  their  sign,  should  again  become 
equal  to  qg. 

Substituting  from  (6.36)  Into  (6.35)#  we  will  get  the  deflec¬ 
tion  at  the  end  of  the  first  unloading  stage: 

-<««)-«  <i) (6.37) 


Slip  along  the  contact  surface  of  the  first  layer  will  occur 
as  soon  as  the  force  will  become  greater  than  aJ^P.  On  subsequent 
decrease  of  the  force  slip  will  be  propagated  from  the  middle  to  the 
extreme  edges  of  the  beam.  But  now  the  direction  of  relative  displace¬ 
ments  of  the  layers  will  be  opposite  to  that  existing  during  the  load¬ 
ing  stage. 

The  process  of  layer  slippage  with  a  decreasing  force  Is  analo¬ 
gous  to  the  Just  considered  process  during  the  loading  period.  It 
should,  however,  be  taken  Into  account  that  the  change  In  the  force 
necessary  for  displacement  of  slip  through  one  layer  will,  during 
each  unloading  stage,  be  twice  as  great  as  during  the  first  loading 
period.  Therefore  the  recurrent  formula  (6.27)  takes  on.  In  this  case, 
the  form 


or 


•5*4 


2(*  —  k?  +  8k 
(• -*)!(*-*)•— 41 


(6.38) 


3 <«*-!)  [2 (»-*)»  +  8*1 


«#». 


(6.39) 


Formula  (6. 31)  Is  also  similarly  modified.  Now  the  deflections 
at  the  ends  of  two  adjacent  unloading  stages  are  related  by  the  rela- 
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tlonshlp 


UUI  ,>«*<« S.^-r-rr - * - 71 

nr  (h  —  Kf  i{n  —  K) —  11  EJ 


(6.40) 


During  the  last  unloading  state,  when  slip  has  occurred  on  all  con¬ 
tact  surfaces  and  the  cantilever  bends  as  a  system  of  separate  layers 
under  the  action  of  a  force  varying  between  aj  and  P,  the  de¬ 
flection  is  determined  from  Formula  (6.33)*  The  deflection  for  the 
smallest  value  of  the  load  will  be: 


«(-l)  =*««.-*> 


<i  +  «; 


(6.41) 


The  period  of  the  renewed  load  increase,  now  from  the  smallest 
to  the  largest  value,  fully  repeats  the  unloading  period.  Formulas 
(6.35)*  (6.39)  and  (6.40)  remain  valid  for  this  period. 

The  character  of  the  hysteresis  loop  on  transverse  bending  of  a 
multilayered  cantilever  1s  shown  in  Fig.  46.  The  area  of  this  loop 
can  he  calculated  by  the  formula 

(6.42) 


The  first  term  in  the  square  braces  represents  the  equation  of  a 
straight  line  connecting  points  5  and  5**  the  second  term  —  the  un¬ 
loading  curve  between  the  same  points. 

As  an  example,  let  us  consider  a  beam  consisting  of  nine  layers 
(n  *  9).  The  first  loading  period  (0  ^  a  <£  1).  The  load  coefficient 
and  the  deflection  at  the  end  of  the  first  stage  are  calculated  by 
Formulas  (6.14)  and  (6.13): 

2-9* 

-  6,(*£ . 


The  load  coefficient  and  the  value  of  the  deflection  at  the  ends 
of  the  second,  third  and  fourth  stages  are  subsequently  found  by 
Formulas  (6.28)  and  (6. 31). 

The  second  stage ,  Jc  =  1. 


*e.»  =  «m 


(P— 1)-3l2(9-1P  +  8-  1) 
2  •  U5  l(U  -  1)*  —  4| 


*n  —  • 


«  Ka) 


:t  -  vnu 


\  .  <y»- 1)  *j>p  «,,#*/• 

«>*(!»  -1)1(9  --!)*—  41  *  EJ  &ET‘ 


The  third  stage,  k  =  3. 


„  ,  3<p-i)i2(9-3)»  +  8.3i 

>  1.35SS.  + - STyijrrffrg — *"  '  •  • 

'  *•  ’  TRET  +  9* (9 -3)1(9- 3)*-«|  ■  ~ET 


-  2,667 


m«PP 

9®r 


The  fourth  stage,  k  »  5. 


.,t_T7I7tl  ,  3(P-I)I2(9~5)»  +  8.51 

**•*  2  -  9*1(9  —  5)* _ 4]  -r  2,32m*,, 


4  (P-1) 


=  9,333 


**«• 


firing  the  fifth  stage,  when  the  cantilever  bends  as  a  system  of 
separate  layers,  we  find  by  Formula  (6.33)’ 


“  M  ~  ^,33^  £J  *  3.9 


PP 

-  =  (27  -  53.42^,)^. 


The  polygonal  line  0  —  1  —  2  —  3  —  4  —  5  in  Fig.  46  represents 
the  relationship  between  the  end  deflections  and  the  load  variation 
during  the  first  loading  period.  Loads,  which  should  be  multiplied  by 
P,  are  laid  off  on  the  ordinate  axis,  and  the  deflection  coefficients, 
which  should  be  multiplied  by  P1^/9^EJ  —  on  the  abscissa  axis.  For 
the  sake  of  definiteness  of  construction,  coefficient  was  taken 
to  be  equal  to  0.4. 
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Pig.  46 

The  number  at  the  point  where  the  line  Is  broken  corresponds 
to  the  end  of  the  corresponding  loading  stage. 

The  unloading  period.  The  value  of  the  load  coefficient  and  the 
deflection  at  the  end  of  the  first  stage  are  found  by  Pomulas  (6.36) 
and  (6. 37); 

«ii  =  i 

«*  (*2i)  -  (27  —  33,42«e!)  yfgj  —  —  <27  —  54,1 ««)  tjjsgy  • 

The  value  of  the  load  coefficient  and  of  the  deflection  at  the 
end  of  the  second,  third  and  fourth  stages  will  be  found  by  Formulas 
(6.39)  and  (6.40).  The  constant  quantity 

3(»t*-l)  _3<9«-1)_a„ 

- ? - * - g* - 0,33. 

enters  these  formulas. 

The  second  stage,  k  »  1. 
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•  _  „  „  0.33  (2  •  8*  +  8  -  1)  ,  _ 

«o.j  ~  *  —  2*01 - gT^8:”4) — '  *®»  -  1  “  2.71*#,; 


«  (*o%)  =  (27  -  54,1*w  -  *6,J 


PP 

WeJ 


pp 

=  (27-58.7«*oi)j^ . 


The  third  stage,  k  =  3- 


-•  0.3(2- «•  +  8. 3).  ,  ,r,_  . 

**.s  --  1  —  2,71*0! - — j- - *01  -  1  —  3,uI*o»; 

b  ((?—  4) 


PP 

\WE> 


«(^)=[27-M.«..:  -  *1^-] 

— •  (27  —  -*8,76  *«i)  fjjTjpJ  • 

The  third  stage,  k  =  5. 

«it  =  1  -  3,51*oi  - =  1  “  467**»- 

(<,)  =  [27-  M.7t«.,  -4  (4,^j  *«]<FZ7  - 

PP 

=  (27  — 72,l«o,)  y-gj- 

The  deflection  at  the  end  of  the  fifth  unloading  stage  is  calcu- 
by  Formula  (6.4l): 

«  (- 1)  =  <27  -  72.1^,)^-  (l  +  1-*”-)W‘  - 


=  (—  27  -f  53.9*0,) 


PP 


&W 


As  can  be  seen  when  the  results  of  calculations  are  plottedfon  a 
logarithmic  scale,  the  magnitude  of  displacement  u(—  1)  almost  coin¬ 
cides  with  that  of  u(l). 

The  unloading  stage  Is  in  Fig.  46  represented  by  the  dashed  line 
5  —  1*  —  2*  —  3*  —  4*  —  5*.  If  the  force  now  increases  from  the  small¬ 
est  to  the  greatest  value,  then  the  line  shown  by  dashes  in  Fig.  46 
can  be  obtained  similarly. 

The  area  of  the  hysteresis  loop  can  now  be  calculated  by  Formula 

(6.42). 
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§7.  TRANSVERSE  BENDING  OF  A  THIN- WALLED  BEAM 

Let  us  detemlne  the  energy  dissipation  in  a  thin-webbed  riveted 
beam.  We  will  assume  a  simplified  computational  scheme,  assuming  that 
the  beam  web  works  in  shear  and  the  flanges  and  standards  In  compres¬ 
sion-tension.  In  this  case  the  bending  moment  in  each  beam  cross  sec¬ 
tion  Is  taken  up  by  the  flanges  and  the  transverse  force  by  the  web. 

We  shall  consider  the  above  problem  for  relationships  between  the 
acting  load  and  the  wall  dimensions  such  that  the  shear  has  not  as 
yet  caused  the  wall  to  lose  stability. 

Since  structural  damping  is  due  to  the  friction  of  components 
Joined  with  one  another,  it  is  necessary  to  investigate  relative  dis¬ 
placements  between  the  rods  (flanges  and  standard)  and  the  wall  in 
the  case  of  thin-webbed  beams.  Energy  dissipation  occurs  in  the  seams 
at  which  the  web  is  connected  to  the  rods.  The  problem  consists  In  find¬ 
ing  the  energy  absorbed  by  the  seams  during  one  loading  cycle. 

Let  us  consider  a  purely  frictional  scheme  of  the  problem,  when 
tangential  forces  between  the  rods  and  the  web  are  created  only  in  the 
form  of  friction.  We  do  not  go  into  the  factors  that  compressed  the 
web  to  the  rods.  This,  for  example,  might  be  tightening  by  clamps  or 
rivets  if  the  rivet  shanks  do  not  fill  the  holes.  The  important  thing 
is  that  such  compression  exists  and  the  factor  causing  it  does  not  by 
itself  prevent  the  possible  displacements  of  the  web  relative  to  the 
rods.  Only  frictional  forces  between  the  web  and  the  rods  prevent 
these  displacements  within  certain  limits.  It  is  assumed  that  the 
frictional  forces  obey  the  law  of  dry  friction  and  the  deformation  of 
the  elements  from  which  the  beam  is  built  up  lie  within  the  limits  of 
proportionality. 

It  is  convenient  to  clarify  the  peculiarities  of  the  problem  under 
consideration  on  a  simple  example  of  a  single-panel  beam  (See  Fig.  9) 
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formed  by  a  wall  flanged  by  two  parallel  flanges  and  two  stardards.  The 
beam  Is  fastened  at  nodes  A  and  B  and  Is  loaded  by  a  variable  force 
aP  at  node  C. 

When  force  aP  acts  in  any  vertical  section  of  the  beam,  according 
to  the  assumed  scheme,  two  normal  forces  causing  tension  in  one  flange 
and  compression  in  the  other  and  also  tangential  forces  in  the  web, 
the  intensity  of  which  is  found  from  the  formula 

(7-1} 

where  H  is  the  computational  height  of  the  beam,  will  arise.  We  wish 
to  attract  the  reader’s  attention  to  the  fact  that  in  this  paragraph 
denotes  the  magnitude  of  tangential  forces  in  the  web  of  the  beam. 

As  a  result  of  longitudinal  deformations  of  the  flanges  and  stan¬ 
dards,  and  also  of  the  shear  deformation  in  the  wall,  the  panel  will 
warp  and  the  point  C,  where  the  force  is  applied,  will  be  displaced. 
Determining  this  displacement,  by  the  Mohr’s  method,  for  example, 
possible  slip  of  the  web  in  the  region  of  the  seams  relative  to  the 
standards  and  flanges  is  usually  not  taken  into  account.  It  is  precise¬ 
ly  during  this  slip  that  the  frictional  forces  do  their  work.  Finding 
the  relative  displacements  of  the  web  and  the  rods  in  the  region  of 
the  seams  we  will  further  simplify  che  problem  and  we  will  assume  that 
the  rods  are  absolutely  rigid  and  the  sought  dlsplacemements  are  due 
to  the  shear  deformation  of  the  wall. 

Since  the  seam  is  under  the  same  loading  conditions  along  the  en¬ 
tire  perimeter  of  the  Joint,  it  is  sufficient  to  consider  a  seam  ele¬ 
ment  the  length  of  which  is  unity.  Let  us  Isolate  a  unit  seam  element 
for  example,  from  the  lower  flange  (Fig.  47)  and  let  us  orient  it  to 
an  orthogonal  xjr  coordinate  system,  directing  the  x-axls  parallel  to 
the  axis  of  the  flange  and  the  y-axis  in  the  plane  of  the  wall.  The 
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width  within  the  limits  of  which  the  wall  is  clamped  between  the  flanges 
is  shown  in  this  figure  by  the  letter  a. 

Let  us  clarify  what  takes  place,  as 
the  force  aP  is  varied,  on  that  segment  of 
the  web  which  is  pressed  to  the  rod. 

Let  us  consider  the  first  loading  stage, 
when  a  varies  from  zero  to  a  certain  moder¬ 
ate  value  a^.  As  soon  as  the  force  is 
applied  tangential  forces  and  shear  deformations  corresponding  to  it 
will  arise  in  the  web.  These  deformations  extend  only  to  a  certain 
depth  a1  (Fig.  48)  measured  from  the  top  edge  of  the  rod;  it  is  only 
over  this  width  that  slip  of  the  web  relative  to  the  rod  will  take 
place.  Frictional  forces  at  the  contact  surface  will  arise  as  a  result. 
If  we  denote  the  force  of  normal  compression  of  the  wall  to  the  flanges 
per  unit  contact  surface  by  £,  then  the  specific  frictional  force 
Tq  *  fp  (here  f,  as  before,  is  the  friction  coefficient).  No  relative 
displacements  of  the  rod  and  the  wall  exist  in  region  a  —  a^. 


Fig.  48 


In  Fig.  48,  as  well  as  in  the  following  figures,  the  specific  fric¬ 
tional  forces  tq  are  shown  only  for  one  side  of  the  clamped  web 
segment. 
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Quantity  will  be  found  from  the  condition  of  equilibrium  of 


the  clamped  wall: 


•  -  *»  -  m*p 


(7.2) 


The  multiplier  2  is  here  employed  due  to  the  fact  that  the  wall  is 
damped  by  the  rod  from  both  sides. 

The  x-axls  of  the  adopted  coordinate  system  will  be  directed 
along  the  lower  boundary  of  the  slip  zone. 

The  limiting  value  of  the  tangential  force  qpr,  for  which  slip 
is  propagated  over  the  entire  width  a  of  contact  between  the  wall 


and  the  rod  will  be 


The  corresponding  value  of  the  force 


(7.3) 


(7.4) 

Prom  the  condition  of  equilibrium  of  forces  acting  on  the  plate 


element  Isolated  in  the  slip  zone  (Pig.  49),  we  will  get 


(7-5) 


Here  qy  is  the  tangential  force  in  the  section  y  »  constant.  Consid¬ 
ering  the  deformation  of  the  same  element  (Pig.  50),  we  will  find 


4r 

Jj-f 


(7.6) 


Here  u  is  the  displacement  in  the  direction  of  the  x-axls  and  y  is  the 
angle  of  displacement,  tie  assume  that  the  shear  deformations  are 
within  the  proportionality  limits  and,  therefore,  according  to  Hooke* s 


law. 


Consequently, 
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d*  _  9» 

$  -  U 


(7*7) 


Here  5  is  the  thickness  of  the  wall  end  G  Jy  the  shear  modulus.  Dif¬ 
ferentiating  this  equation  in  respect  to  £  and  equating  to  (7.5), 


%'d%  < 

q  i  { 

7  I* 

—  r — -*  i 


-uL  '-Jk 


Fig.  49 


Fig.  50 


we  will  obtain  the  following  differential  equation: 

(fa  _  2i» 


(7-3) 


From  this 


(7-9) 


The  displacement  and  stress  at  the  lower  edge  of  the  slip  zone  (y  =  0) 
are  equal  to  zero  =  0;  ^  —  oj  .  Consequently,  constants  =  ~  °> 


(7-10) 


The  displacement  diagram  during  the  first  loading  stage  is  shown  in 
Fig.  49. 

The  tangential  forces  are  determined  from  Eqs.  (7*7)  and  (7-10): 


(7.11) 


The  displacement  of  the  upper  edge  of  the  clamped  wall  segment 
where  the  force  q^  acts  will,  at  a  certain  leading  instant,  be: 


4t  4*" 

”  4t,C!  “  t,cW 


(7.12) 


Let  us  consider  now  the  unloading  stage,  when  the  force,  having 
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reached  the  value  o^P,  beginn  to  decrease.  Ao  soon  as  the  value  of 
force  £  will  decrease,  the  shears  will  decrease  also  and  as  a  result 
the  wall  will  slip  relative  to  the  rod  In  the  opposite  direction.  This 
slip  will  also  begin  at  the  upper  mating  edge  and  will  be  propagated 
downward . 

Let  us  assume  that  the  force,  without  changing  direction,  reached 
the  value  a2P  at  a  certain  instant  of  unloading.  The  reverse  slip  in 
this  case  will  spread  out  by  an  amount  a2-  Forces  acting  at  this  in¬ 
stant  on  the  clamped  panel  element  are  shown  In  Fig.  51- 

The  width  a2  of  the  reverse  slip  zone  Is  found  from  the  condition 
of  the  element’s  equilibrium: 

(7.13) 

All  the  previously  obtained  differential  dependences  remain  valid 
for  segment  a2,  except  that  tae  sign  of  the  frictional  force  tq  should 
be  reversed. 

In  particular,  the  displacements  are  equal  to: 

«  =  -- £f+Ca+D,.  (7.M) 

Constants  Cg  and  B2  are  determined  from  the  conditions  of  equality 
of  displacements  and  of  the  equality  of  tangential  forces  at  the  edge 
y  =  —  a2,  separating  the  remainder  of  the  first  zone  from  the  second 

zone.  This  gives 

Consequently, 

w  **  gj  l  *t) F 2  («i  —  «*y“l  •  (7.15) 

The  diagram  of  displacements  during  the  unloading  stage  is  presented 
In  Fig.  51. 
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Fig.  51 

In  particular,  for  a  certain  Intermediate  value  ofafagjCa^a^) 
the  displacements  at  the  upper  edge  of  the  clamped  wall  segment,  v/here 
the  tangential  forces  qp  are  applied,  are  equal  to: 

"•■‘*3® p(*?+ **•-■—*  (7-16) 

The  tangential  forces  In  the  wall  cross  section  on  the  reverse 
plip  region  are  determined  by  the  formula 

9t  ~  =i  (2a,  —  2<|  —  y) ,  (7*17) 

ay 


The  diagram  of  tangential  forces  Is  seen  In  Fxg.  51* 

All  the  quantities  characterizing  the  stressed  state  of  the  wall 
segment  on  unloading  when  the  load  coefficient  h^s  a  certain  value 
co,  ^  otj,  can  be  determined  bythe  relations  (7*13)*  (7.15)  and  (7.17). 
For  example.  In  the  case  a  -  0  the  external  load  Is  completely  taken 
ofi,  but  a  force  system  shown  In  Fig.  52  continues  to  act  on  the  ele¬ 
ment.  It  Is  obvious  that  the  upper  edge  does  not  return  to  its  Initial 
position  at  this  instant.  Residual  displacements,  determined  by  Formula 
(7.16)  for  a  *  0,  are: 


Let  up  assume  that  the  load  Is  decreased  to  the  minimal  value 
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Pig.  52 

of  the  force  corresponding  to  the  coefficient  a2  =  ra^  and  then  the 
loading  begins  again.  Let  us  now  consider  this  renewed  loading.  As 
the  force  is  increased,  slip  of  the  web  relative  to  the  flange  will 
occur,  starting  with  the  upper  edge,  in  the  same  direction  as  during 
the  first  loading  stage.  As  the  force  is  increased,  the  slip  region 
is  propagated  downward,  shortening  the  reverse  slip  region. 

Forces  acting  on  the  clamped  wall  element  at  a  certain  instant 
of  the  renewed  loading  are  shown  in  Fig.  53*  Width  a^  of  the  slip 
zone  is  found  from  the  equation  of  the  element’s  equilibrium: 

.  ft-f2T.(2g,-a,)_  <«  — (7.18) 

a, - - - - —  \  i 

Here  a  j£  a2* 

Constants  and  of  the  expression  for  the  displacements  in 
the  third  zone 

are  determined  from  the  conditions  of  equality  of  displacements  and 
of  equality  of  the  tangential  forces  on  the  straight  line  y  =  a^  — 
separating  the  remainder  of  the  second  from  the  third  zone.  Performing 
the  necessary  calculations,  we  will  get: 
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“  '  ***  'r  *  i<,!  “  *  +  2  (a‘  a**  ~  2 <•» “ ^  (7-19) 


Pig.  53 


In  the  third  zone  are  equal  to: 

1w  —  2til*  +  2(«j  —  «*)1-  (7.20) 

The  force  diagram  Is  shown  In  Pig.  54.  In  Expressions  (7-19)  and 
(7.20)  y  aj  —  a^.  In  particular,  the  displacements  at  the  upper 
edge  of  the  clamped  wall  segment  (y  -  a^)  will  be 

"“-g| +  2«* — 4)*  (**  —  2a,  t«}  +  (7*21) 

The  hysteresis  loop  for  the  joint  under  consideration  is  shown 

In  Pig.  54.  The  values  of  displacements 
u  for  the  upper  edge  of  the  clamped  wall 
segment  are  laid  off  on  the  abscissa  axis 
and  the  values  of  the  tangential  forces, 
determined  by  Formula  (7.1),  —  on  the 
ordinate  axis.  Curve  1  Is  constructed  by 
Dependence  (7*12)  and  corresponds  to  the 
first  loading  stage,  curve  2  represents 
the  unloading  stage  and  Dependence  (7.16),  curve  3  pertains  to  the 
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secondary  loading  stage  and  corresponds  to  Dependence  (7.21).  The  area 
of  the  hysteresis  loop  is  numerically  equal  to  the-  energy  1  r reversi¬ 
bly  absorbed  by  a  unit  seam  element  during  one  loading  cycle.  The 
point  is  that  force  is  an  external  force  relative  to  the  sean  ele¬ 
ment  under  consideration,  the  energy  of  which  is  used  up  in  elastic 
defoliations  of  the  clamped  wall  segment  and  in  the  overcoming  of  the 
frictional  forces. 

This  area,  calculated  by  formula 

P  51 

(7.22) 


for  *  1  and  csg  =  r  becomes  equal  to 

1  24t*CM/»  3 tCIH*  * 


(7.23) 


p 

v  is  the  amplitude  of  the  cycle. 

The  total  energy,  dissipated  per  cycle  by  a  seam  of  length  1  h 
is  determined  in  the  form: 


\lm  (7-24) 

The  total  energy  absorption  in  several  seams  will  be  found  as  a  sum 
of  energies  absorbed  by  each  seam  separately. 


[Footnote] 


Manu¬ 

script 

Page 

Fo. 

51  It  is  more  convenient  for  this  purpose  to  utilise  the  grapb- 

ieoanalytic  method,  considering  the  ensemble  of  frictional 
forces  as  a  uniformly  distributed  moment  load. 
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Manu¬ 
script  [List  of  Transliterated  Symbols J 

Page 
No. 


59  out  =  opt  =  optimal *nyy  =  optimum 

59  npeji  =  pred  =  predel'nyy  =  limiting 
91  np  =  pr  =  predel'nyy  =  limiting 
97  m  =  sh  =  shov  =  seam 
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Chapter  3 
FRICTION  CLUTCHES 

§8.  TWIN- DISK  CLUTCH 

The  system  represented  above  In  Fig.  8  consists  of  two  clutch 
halves ,  each  of  which  has  a  finite  torsional  rigidity  when  loaded  by 
torques  cM.  Po  clarify  the  methodology  of  construction  of  the  hyster¬ 
esis  loop,  we  will  consider  here  the  axially  symmetrical  scheme  illus¬ 
trated  in  Fig.  55.  It  Is  assumed  in  this  scheme  that  one  of  the  disks 
is  undeformable  and  constitutes  a  rigid  foundation  to  which  the  second, 
deformable  disk  is  pressed  by  the  given  constant  pressure.  The  disk  is 
bounded  by  two  parallel  planes  and  two  circular  cylindrical  surfaces; 
the  internal  and  external  disk  diameters  are,  respectively,  2a  and  2b, 
the  disk  thickness  is  h.  The  given  torque  is  achieved  in  the  form  of  a 
system  of  tangential  stresses,  uniformly  distributed  along  the  internal 
periphery  and  equal  to 


tW 


mM 

2m*V 


(8.1) 


It  is  assumed  that,  even  for  a  *  1,  when  the  torque  reaches  its  greatest 
value,  no  complete  slip  of  the  disk  along  the  foundation  takes  place. 

In  view  of  the  fact  that  the  thickness  of  the  disk  is  small,  we  will 
consider  the  problem  as  being  two-dimensional. 

The  stress  system  r(a)  is  balanced  by  a  system  of  tangential  fric¬ 
tional  forces,  which  develop  between  the  disk  and  the  rigid  foundation. 
As  in  Section  1,  frictional  forces  arise  only  in  the  zones  of  the  disk’s 
deformation  and  are  equal  to  the  limiting  value  *  f£.  An  assumption 
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stating  that  any  whatever  frictional  forces  exist  In  the  undefomable 
zone  would  have  contradicted  Hooke’s  law,  and  an  assumption  stating 


Fig.  55 


that  the  Intensity  of  frictional  forces 
in  the  defonned  zone  where  slip  takes 
place  is  different  than  tq  does  not  agree 
with  Coulomb’s  law. 

Let  us  consider  in  detail  the  first 
stage  of  loading  the  disk,  when  the  dimen¬ 
sionless  load  parameter  increases  gradually 
from  zero  to  unity.  An  annular  zone  along 
which  the  disk  slips  on  the  foundation 
will  appear  near  the  Internal  disk  peri¬ 
phery  for  any  as  small  as  desired  load  oK. 


The  disk  Is  in  equilibrium  under  the  action  of  loads  described  in  Fig. 
56a.  The  external  boundary  of  the  slip  region  Is  determined  from  the  equ 


Fig.  56 


librium  condition 


(8.2) 


where  is  the  external  radius  of  the  slip  zone.  We  find  from  (8.2) 
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Further,  from  the  condition  of  equilibrium  of  the  part  of  the  disk 
described  in  Fig.  56b,  we  will  find  the  tangential  stresses,  corres¬ 
ponding  to  the  current  coordinate  p: 


-<P> 


(8.4) 


Determining  the  tangential  stresses,  we  can  write  the  expression  for 


shear  in  any  point  of  the  disk,  according  to  Hooke’s  law: 


r(p) 


*(p) 
G  ‘ 


(8.5) 


Since  radial  displacements  are  absent,  the  shear  is  expressed 
only  by  the  tangential  displacement  v 


7  = 


(8.6) 


As  a  result  of  axial  synmetry  of  our  problem,  the  tangential  displace¬ 
ment  Is  independent  of  the  9- coordinate  and  is  only  a  function  of  the 
p-coordinate.  The  differential  equation  for  determination  of  the  dis¬ 
placement  v 


=  _!<£).  (8.7) 

i9  p  G 

is  thus  obtained  from  (8.5)  and  (8.6).  Substituting  here  (8.4)  and 
integrating,  we  will  obtain  the  following  solution,  satisfying  the 
boundary  condition  v(p^)  -  0: 

**(?>  =  ^^<?»  —  ?M?t  — 2^).  (8.8) 

Let  us  introduce  the  structural  parameters :  %  =3? ,  >  =  -3-.,  k-Ck. 
Then,  substituting  for  by  Formula  (8.3)>  we  will  obtain  for  the 
points  on  the  internal  periphery  (p  =  a) 

ri  («*.V  -f-  3)  —  3 (sv.W  i)^|  •  (8.9) 


This  expression  describes  the  first  stage  of  the  process. 
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The  investigation  of  the  succeeding  unloading  and  secondary  load¬ 
ing  stages  is  substantially  similar  to  the  corresponding  investigation 
for  the  elementary  system  (§  1).  Leaving  out  detailed  calculations,  we 
will  present  the  final  results  (for  conclusions  see  [133);  the  rela¬ 
tionships  between  the  displacement  v2(a)  and  the  torque  during  the  un¬ 
loading  stage 


r-  (*l 


-  «|{  (*v.U  -  -  3)  -  3  (vM  -f  I)*  J- 

-Mifj  (I  -*>-!/  -I*  if}; 


(8.10) 


[We  have]  the  same  relationship  during  the  renewed  loading  stage 


r,(«)-«A{(„Af-|-3)-3(»A/4- 1)*  + 


(8.11) 


The  hysteresis  loop,  calculated  by  Expressions  (8.9),  (8.10)  and  (8.1l)3 
coincides  with  the  hysteresis  loop  for  the  elementary  system  (Fig.  14). 
The  energy  dissipated  during  one  cycle  amounts  to 


(%-  **)«?«.  (8. 12) 

Performing  quadratures  and  Introducing  the  value  of  the  load  amplitude 
If,  4*  \-2Lm,  we  will  find 

T  “  Sfa**  +3>I*,Jlf* + *>*  -  « -  **.}*  (8. 13) 

It  can  be  seen  from  Expression  (8.13)  that  energy  dissipation,  as 
in  cases  presented  above,  is  independent  of  the  mean  value  cf  the  load; 
the  dependence  of  the  quantity  ¥  on  the  amplitude  of  the  cycle  is 
slightly  more  complex  than  in  the  case  of  previously  considered  problem 
(this  dependence  is  represented  graphically  in  Fig.  57). 

If  both  disks  are  deformable  and  have  characteristics  ^  and  k^. 
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0 


Mv 

Pig.  57 

then  the  energy  dissipated  per  one  cycle  is  equal  to: 

*r  -  +  3)  I(v3f.  + 1)*  -  II -  vJf. J  .  (8- 14 ) 

§9-  A  MULTIPLE-DISK  CLUTCH 

Figure  58a  Illustrates  the  schematic  of  a  multiple-disk  friction 
clutch,  representing  a  system  of  flat  disks  with  finite  rigidity.  Let 
us  assume  that  the  external  torque  is  uniformly  distributed  among 
the  disks,  so  that  a  fraction  of  the  load  oM  is  devolved  upon  each 
disk  pair.  Let  us  analyze  the  operation  of  this  pair.  The  disks  are 
pressed  to  one  another  by  a  constant  pressure  j>  (Fig.  58b)  and  are 
loaded  by  variable,  equal  and  oppositely  directed  torques  denoted  by 
aM  (the  first  —  along  the  internal  periphery,  and  the  second  —  along 
the  external). 


Fig.  58 

Annular  slip  zones  (Fig.  59a),  where  the  frictional  forces  tc 
balancing  the  external  torque  are  developed,  arise  on  loading,  in  the 
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vicinity  of  the  internal  and  external  peripheries.  The  middle  part  of 
the  disks  deforms  as  a  separate  entity  and  each  disk  takes  up  a  part 


Fig.  59 

of  the  load  proportional  to  its  rigidity 


mg  __  MSth,  ,,  _  uMk, 


(9.1) 


It  is  possible  to  disregard  the  deformation  of  the  middle  part  In 
the  calculation  of  the  dissipated  energy,  setting  shear  at  Its  bound¬ 


aries  equal  to  zero.  The  energy  dissipation  is  determined  as  the  work 
of  the  external  torque  aM  on  the  angular  displacements  ?  („)  —  JUif! 

j.  m  * 

and  where  v^(a)  Is  the  tangential  displacement  of  points 

of  the  Internal  periphery  of  the  first  disk  and  v2(b)  —  the  tangential 
displacement  of  the  points  on  the  external  periphery  of  the  second 
disk,  relative  to  the  "nondefonning"  middle  part.  The  boundaries  of 
the  slip  zones  ( p 1  and  p2)  are  found  considering  separately  the  equili¬ 
brium  of  the  internal  and  external  regions  (Fig.  59b).  The  equilibrium 


equations  are  written  In  the  form 


mM  —  ZxztJ 

» 

JV)-2c^  J  —  0. 

9$ 


(9.2) 


From  the  conditions  of  equilibrium  of  the  annular  segments,  isolat 
in  the  vicinity  of  the  internal  periphery  of  the  first  disk  and  in  the 


vicinity  of  the  external  periphery  of  the  second  disk*  we  determine 


(9.3) 

(9.4) 


The  tangential  displacement  v(p)  is  independent  cf  <p  and  is  de~ 
termined  from  Eq.  (8,7)  after  r (p)  is  replaced  by  its  value  from  For¬ 
mula  (9*3)  for  the  internal  region  of  the  first  disk  and  by  Formula 
(9.4)  for  the  external  region  of  the  second  disk.  Thence  the  problem 
is  solved  in  the  same  manner  as  the  preceding  one.  Introducing  the 
parameters  0,  v  and  k  and  the  notation  t  «  a/b,  we  obtain  the  following 
expressions  for  energy  dissipation  in  one  disk  pair  per  cycle: 


.  _18?  <*?-*!)  *128,,  .  2 

TV 

fJL  <*£-*?>  *W2*Z -kt) 

['  H  *»  ' 


•A*-)" 


3 


tap  t2p„ 


t, 

4  +  4 


M, 


I*  <*?-*§)  .  3*k-f 

P“T{ - H — v’+TT+jf’™*] 

’T-Tt+T,. 


(9.5) 


(9.6) 


Here  is  that  part  of  energy  which  is  dissipated  in  the  internal 
region,  Tg  —  in  the  external  region.  In  the  case  when  k^  -  kg  *  k  Ex¬ 
pressions  (9>5)  end  (9.6)  are  substantially  simplified  and  take  on  the 
fora 


V‘  =  T  "•!('- Tv-),| 

(9.7) 

1  — —  1 J- 

(9.8) 

These  dependencies  are  represented  graphics. ly  in  Fig.  60.  It  can 
be  seen  from  the  graph  that  fg for  any  given  values  of  the  cycle’s 
amplitude.  The  energy  dissipation  is  independent  of  the  mean  value  of 
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«  ******  *****  • 


the  load.  The  dependence  of  the  energy  dissipation  on  the  Intensity  of 
the  compression  force  for  one  disk  pair  is  shown  in  Fig.  61.  The  energy 
dissipation  curve  in  a  two-disk  clutch  is  also  given  here  for  ccmparir- 
son  (by  the  dashed  line). 


Fig.  60.  Fig.  61. 


Chapter  4 

DRY  FRICTION  ABSORBERS 

§10.  SEPARATOR  STRIP 

Let  us  consider  the  process  of  cyclical  compression  of  a  short 
elastic  parallelepiped  by  two  completely  rigid  plates  (Fig.  62).  We 
shall  assume  that  the  dimensions  of  the  parallelepiped  are  of  different 
order  of  smallness:  the  dimension  in  the  direction  of  the  x-axis  con¬ 
siderably  exceeds  the  dimension  21  in  the  direction  of  the  y-axis, 
and  the  latter  exceeds  manyfold  the  height  of  the  parallelepiped  h, 
measured  In  the  direction  of  the  z-axis  (Fig.  62b).  Such  a 


Fig.  62 

scheme  can  be  arrived  at  in  the  investigation  of  the  operation  of  elastic 
separators  of  the  strip  type,  used  for  cushioning  of  various  types  of 
machinery. 

When  the  strip  is  compressed  its  dimension  in  the  direction  of  the 
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z-axis  will  decrease  and  tro  dimensions  in  the  directions  of  the  x« 
and  y-axes  will  Increase.  Frictional  forces  which  are  here  developed 
along  the  strip’s  horizontal  surfaces  will  tend  to  restrict  the 
widening  of  the  strip  in  the  direction  of  the  x-  and  y-axes,  in  which 
case  displacements  in  the  direction  of  the  x-axis  can  be  considered 
to  be  completely  nonexistent  due  to  the  great  length  of  the  strip.  In 
this  case  it  is  sufficient  to  investigate  the  compression  of  any  unit 
strip,  isolated  at  a  certain  distance  away  from  the  short  edges,  re¬ 
presented  in  Fig.  62c;  all  the  remaining  strips  of  this  type  will  be 
subject  to  the  same  conditions  as  the  strip  under  consideration. 

We  shall  imagine  that  an  element  shown  in  Fig.  62d  Is  Isolated 
from  the  strip  by  two  plane  sections  perpendicular  to  the  y-axis..  All 
the  facets  of  the  element  experience  the  action  of  normal  stresses;  in 
addition  the  horizontal  facets  are  loaded  by  tangential  forces  t0;  the 
latter  are  frictional  stresses  on  the  surfaces  of  contact  between  the 
strip  and  the  plates.  We  will  consider  all  the  above  stresses  to  be 
uniformly  distributed  over  the  entire  area  of  each  face  of  the  element. 

Slightly  contradicting  the  evolved  traditions,  we  have  taken  as 
positive  ccmpreg8i\e  stresses,  which  is  more  natural  in  our  problem. 

The  direction  of  the  tangential  stresses  shown  in  the  figure  corres¬ 
ponds  to  the  assumption  that  the  element  is  displaced  in  the  positive 
y-dlrectlon.* 

The  equation  of  the  element’s  equilibrium  in  projection  on  the 
y-axis  is 

+  =0.  (10.1) 

Utilizing  Hooke’s  law 

c,  =  -^-1*,  —  {1  (o,  4  ojj ,  (10.2) 
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Cf  --  lo,  —  I*  (%  f  *|)1  * 
— +  «»)1 


(10.2) 


(the  compression  deformation  should  now  be  considered  as  positive) 
and  keeping  in  mind  that  ^  =  0,  we  find  from  the  first  and  third 


equalities 


_  =  E*t  ,  V±t  . 

1  i-u*  +  i-u 


(10.3) 


We  will  consider  quantity  e,.  as  constant  at  all  points  of  the 

4* 


strip  and  equal  to 


(10.4) 


where  w  is  the  distance  separating  the  leading  plates,  which 
is  the  given  quantity.  Substituting  (10-3)  and  (10.4)  into  (10.1)  we 


arrive  at  the  equation  for  the  stress  or 


+  **!,=  0. 

*)  +  *  (I  —  (1)  *0  — lO 


(10-5) 


Older  the  boundary  condition  o  (1)  -  0,  the  eolation  of  this 


equation  has  the  form 


E» 

°'~W+ 


ipP-'M' 


(10.6) 


where 


M 


(10.7) 


is  the  strip  constant. 

According  to  (10.3)  we  now  have  for  the  normal  stress  o_: 


At-*) 


(10.8) 


Figure  63  shows  the  graphs  of  the  distribution  of  the  normal 

sti esses  0;  and  cr_  .ilong  the  length  of  the  strip. 

$  * 
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Itr  should  be  kept  in  mind  tha^  Expressions 


K 

b  « 

• 

i 

Pig.  63 


(10.6)  and  (10. S)  are  valid  only  in  the  strip’s 
deformation  zone,  where  slip  is  present.  The 
median  part  of  the  strip  length  can  turn  out 
to  be  in  a  state  of  rigid  coupling  with  the 
clamping  plates;  not  only  *  0  in  this  part 
but  also  Ey  *  0.  Then,  according  to  (10.2), 

(t Em 

(1  +  if) (1  —  2ji)A’  U°*  9) 

.  _  Em  (i  —  y)  (10.10) 


Let  y*  be  a  coordinate  of  the  section,  situated  on  the  boundary 
of  the  rigid  coupling  region.  Expression  (10.9)  should  be  equal  to 
Expression  (10.6)  in  this  region; 


Consequently, 


(1  +  riQ>--2rik~  *  (1  +  hI  ^  i* 


(10.11) 


It  can  be  seen  from  this  that  if 


(10.12) 


then  no  rigid  coupling  region  exists  at  all.  Thus,  for  u,  »  0.4 7  (rubber) 
it  follows  from  (10.12)  that  no  rigid  coupling  zone  will  exist  for 
X  £  1.55-  If,  for  example,  f  =  0.2,  then  ratio  1/h  £  4.36  follows  from 
(10.12).  We  shall  assume  that  Condition  (10.12)  is  satisfied  and  we 
'will  limit  ourselves  to  the  case  when  no  rigid  coupling  zone  exists. 

In  this  case  It  is  possible  to  find  the  total  load  on  the  strip 
aP,  by  integrating  the  expressions  for  a_  over  the  entire  length  of 
the  strip 
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During  the  load  Increase  stage  w  is  thus  a  linear  function  of  aP,  and 
the  coefficient  of  rigidity  is  equal  to 


2£t(c»-l) 
XA  (1  —  K*) 


(10.14) 


For  a  very  small  value  of  parameter  X  (for  example,  due  to  the  fact 
that  the  friction  coefficient  f  is  small)  we  can  take  «**!+*,  and 
Formula  (10. 14)  will  take  on  the  form 

A(i  — h*)  (10.15) 


This  expression  determines  the  rigidity  of  the  strip  for  vanish¬ 
ingly  small  frictional  forces. 

Let  us  now  turn  to  the  strip's  unloading  stage  and  first  of  all 
let  us  clarify  the  stress  distribution  when  the  frictional  force  £ 
changes  direction.  There  is  no  need  to  repeat  all  the  calculations, 
since  the  expressions  which  are  needed  can  be  written  immediately  by 
the  dependencies  derived  above  simply  by  changing  the  sign  of  the 
friction  coefficient  f . 

Thus,  we  will  get  from  (10.6) 

(1016) 

and,  in  accordance  with  Expression  (10.8),  the  stress  cr_  will  be: 

<»•«) 


The  distribution  of  stresses  cy  and  az  during  the  unloading  stage  is 
given  in  Fig.  64.  Dependence  (10.13)  will  now  be  replaced  by 


mP 


20  (t  -«-*) 


(10.18) 
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±  =  e,,  the  rigidity  coefficient  of  the  stage  under  consideration  is 
different  from  the  value  of  (10.14): 


(10.19) 


Pig.  64 

rays  1  and  3»*  This  stage 


Dependencies  (10.13)  and  (±0.18) 
(straight  lines  1  and  3)  are  represented  in 
Pig.  65.  The  figure  shov-s  clearly  that  a 
stage,  during  which  neither  direct  nor  re¬ 
verse  slip  is  talcing  place  —  a  rigid  coupling 
stage  along  the  entire  length  —  must  inevita¬ 
bly  lie  between  the  processes  described  by 
is  illustrated  in  Pig.  65a  by  segment  2. 


Pig.  65 

According  to  Expression  (10. 9)  the  change  in  quantity  w  by  Aw  re¬ 
sults  in  a  change  in  stress  az  by 


As,  — 


(1  +  I*)(J -2*)* 


Aar. 


(10.20) 


Since  Aa_  is  independent  of  the  y-coordinate,  then  the  corresponding 

Z 

change  in  force  aP  amounts  to: 

A  VJ*)  --  2l±ot  —  -j  _  ^  (i  _  2*1)^'  (10.21) 


Consequently,  the  rigidity  of  the  strip  during  this  stage  is  equal  to: 


e*  = 


2gQ— H) 


(10.22) 


The  hysteresis  loop  for  a  pulsating  cycle  thus  has  the  shape  of  a 
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triangle.  The  straight  line 


mP  --  c^r 


(10.23) 


corresponding  to  the  value  of  cQ  for  f  =  0  given  In  (10.15)  is  given 
In  the  same  Pig.  65a  by  a  dashed  line. 

If  unloading  does  not  go  to  zero,  then  the  hysteresis  loop 
acquires  the  shape  of  a  trapezoid  (Pig.  65b);  its  side  4  Is  parallel 
to  the  side  2. 

§11.  A  ROUND  SPACER 

This  paragraph  considers  the  problem  of  compression  of  a  thin 
round  disk  between  two  absolutely  rigid  plates  (Pig.  66);  In  its  sub¬ 
stance  this  problem  Is  closely  related  to  that  considered  in  Section 
10.  Figure  67b  shows  a  typical  element  of  a  disk-spacer,  isolated  by 
two  infinitesimally  close  axial  sections  and  by  two  infinitesimally 


close  cylindrical  sections.  As  in  Section  10, 

0 (P 

the  compression  stresses  are  taken  here  to  be 
positive.  The  equation  of  the  elements  equili- 
f  \  brlum  has  the  form 

•^-a^t  +  TI  =  c-  (ii-D 

i  We  shall  use  the  usual  sign  convention 

jocP 

(positive  displacement  [starting]  frrm  the  cen- 
Flg.  66  ter)  for  the  displacements  u  in  the  radial  di¬ 

rection,  while  for  deformation  we  shall  utilize  the  sign  convention 
assumed  for  the  stresses  (compression  deformation  is  considered  posi¬ 
tive  ).  In  this  case  the  relationship  between  the  displacements  and 

deformations  will  become  such:  «#=— -3^;  e,  =  —  — ;  r,  =*•?•• 

■p  p  » 

According  to  the  assumed  sign  convention,  Hooke’s  law  will  be 
written  in  the  following  form  [8]: 
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2G<1—  v)l  iu  n  u  |t  \ 

°*  1-2^  \  Tp  I-,*  p  +  1-h**I» 

_  2C  (I  —  n)  /  p  du  u  p  \ 

**  '  1  —  2*»  \  1-prfp  p  l-p*'/* 

_  2C(f  —  p)  / _ p  A*  p  «  ,  .  \ 

*  1  ~  2p  *  I  —  p  dp  1  —  p  p  *r 


(11.2) 


Substituting  these  expressions  into  the  equilibrium  equation 


6,-tte. 


Pig.  67 


(11.1),  vre  will  get 


0+7«(,  +  ^-F(,~^)=iV!ir-  (113) 


where  w/h  = 


*<1-p> 


(11-4) 


is  the  spacer  constant. 

If  slip  occurs  in  the  reverse  direction,  i.e. ,  toward  the  spacer 
center,  which  can  happen  on  unloading,  then  the  frictional  forces 
change  directions  and  tne  equilibrium  equation  (11. 1)  takes  on  the 


fonn 


•  "9  9  * 


(11.5) 


Correspondingly, 


1  h  *£\_“  /«  +  *£'_ 


M>  —  y 

*9-  * 


(11.6) 
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will  be  obtained  Instead  of  (11. 3)* 

As  In  the  preceding  paragraph,  the  case  when  slip  Is  propagated 

only  over  a  part  of  the  spacer  Is  not  considered.  Three  spacer  defolia¬ 
tion  stages  are  thus  possible: 

1)  the  loading  stage,  when  Eq.  (11.3)*  assuming  existence  of  slip 

from  the  spacer  center.  Is  valid; 

2)  the  unloading  consnencement  stage,  when  slip  Is  canpletely  ab¬ 
sent; 

3)  the  renewed  loading  stage,  when  slip  takes  place  toward  the 
center  of  the  spacer;  Eq.  (11.6)  corresponds  to  this  stage. 

The  solutions  of  Eqs.  (11.3)  and  (11.6)  should  be  subjected  to 

the  boundary  conditons 

=  (11*7) 

The  solution  of  Eq.  (11.3)  *<>r  the  loading  stage  has  the  font 


(11.8) 


The  solution  of  the  equation  for  the  stage  of  unloading  with 
slip  is  obtained  as  follows: 


«** 


2^hU\-  a)  X*  X  (1  -  2a>  <1  ->-  -  «} 


(11.9) 


Substituting  now  the  just  found  solutions  Into  the  third  of 
equations  (11.2)  we  will  find  the  distribution  of  stresses  cz  along 
the  spacer  radius.  For  the  loading  stage 

Gr  (l  ~r~  y.)  (11.10) 

®*  =  T  “Tl  —  |i)  X*  +  (1  —  2{i)  (1  -r  X  —  f*) 


and  for  the  stage  of  unloading  with  slip 

Ctr  _  (11.11) 

**  "  Til  -  v)  >4  +  (i  -  2ji)  (1  -  k-r*) 
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Integrating  Expressions  (11.10)  and  (11.11)  along  the  spacer {s 
contact  surface,  we  will  obtain  a  relationship  between  the  canpressing 
force  and  the  convergence  of  the  compressing  plates.  In  the  first  case 
we  find: 


2w»*6»r  (1  4-  —  I  -  A) 

tP~  h  "  (1 —  p)  >.3  (I  —  2y)  (i  -t  A  —  <*) 


(11.12) 


The  analogous  expression  for  the  second  case  has  the  form 


0  4-  tx)  —  1  + 1) 

•P  =  — (1—  |»U*  -r  (1- 2sMt  —  X— 


(11.13) 


The  dependencies  thus  found  are  illustrated  by  rays  1  and  3  In 
Fig.  65*  Accordingly,  the  rigidity  of  the  spacer  during  these  loading 
stages  comes  to 


2e»»G  (1-4*  h)  —  1  —  Xf 

h  <1-  ?) >*  -r"<l  * 

2 ts*G  (!+|i)(r*-I+3D 

h  (I  -h)  >.«  +  <1  —  2p)  (1  —  >.  —  e-*) 


(11.14) 

(11.15) 


For  the  Intermediate  second  stage,  to  which  rigid  coupling  be¬ 
tween  the  spacer  and  the  plates  corresponds,  we  have  from  the  third 
equation 


2C(l-i4«,  (11.16) 

Of  -  .  A  • 

I  — 

Integrating  this  expression  along  the  contact  surface  of  the  spacer, 
we  will  find  the  relationship  between  the  load  increment  and  the  in¬ 
crement  of  the  quantity 

(11.17) 


Consequently,  the  coefficient  of  rigidity  during  the  second  stage  is 
equal  to 


(1  —  2p)  A 


(11.18) 


If  X  *  0  is  substituted  into  Expressions  (11.  i4)  and  (11.15)  then. 
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after  evaluating  the  Indeterminate  function  we  will  find  the  rigidity 
of  the  spacer  lr  the  absence  of  friction: 


2w*C(l  -f  k) 
yJi 


(11.19) 


The  relationship  governing  the  deformation  of  this  spacer  is  shown  In 

If  the  spacer  is  deformed  with  fric¬ 
tion  not  according  to  the  pulsating  cycle, 
then  the  hysteresis  loop  takes  on  the 
shape  of  a  trapezoid,  as  shown  in  Fig. 

65b. 

The  problem  of  cyclical  compression 
of  an  elastic  washer  between  rigid  disks 
(Fig.  68a)  is  of  interest.  The  main  pe¬ 
culiarity  of  this  problem  consists  in 
the  fact  that  slip  along  the  surfaces 
of  contact  between  the  washer  and  the 
disks  takes  opposite  directions  in  two 
different  annular  regions.  The  slip  arising  on  loading  is  directed  to 
the  center  along  the  Internal  annular  region  and  away  from  the  center 
along  the  external  annular  region.  These  two  regions  are  separated 
from  one  another  by  a  rigid  coupling  zone  (Fig.  68b).  Depending  on 
the  value  of  the  characteristic  X,  this  annular  zone  can  degenerate 
Into  a  circle  (Fig.  68c).  It  is  namely  this  case,  as  being  of  practical 
significance,  that  is  subsequently  considered. 

The  equation  of  equilibrium  of  a  typical  element,  situated  in  the 
Internal  slip  region  Is  written  In  the  form  of  (11. 5)  on  loading;  dur¬ 
ing  the  unloading  stage,  when  slip  changes  direction,  the  equation  of 
equilibrium  of  the  same  element  is  written  In  the  form  of  (11. 1).  The 


Fig.  65a  by  a  dashed  line. 

y 


Fig.  68 
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equilibrium  equations  during  the  loading  stage  (ll. 1),  and  the  unload¬ 
ing  [stage]  (11.5)  f or  an  element  of  the  external  slip  region  are 
written  similarly. 

Without  going  into  a  detailed  investigation  of  the  loading  stages, 
let  us  point  out  that  the  relationship  between  the  separation  w  and 
the  load  during  the  loading  stage  is  written  in  the  form 


—  T. 


2Gturw 


X‘A<  I— 2ji) 


Ht+cU'+O-i.X'l  |(l— (i-^)<"J 


1(1- 

u)  tr  -+■  (!  —  |i)  t4J  •  | 

(,+T 

».c 

-fX)  i-*| 

1 

1  — 

0 

'  IT 
>«'T 

(11.20) 


Here  e  is  the  radius  of  a  circle  separating  the  two  slip  regions. 
For  loading,  this  dependence  takes  on  the  form 


s**Cir 


2jt) 


(r-Hc  -  t (t + ‘ 


Mi-i-id  +  <*l 

'  1  ' 

<? 

! 

7 

1 

1 

1  —  2(i  X  +  XV 

H-  j 

«*  , 
IT  ~  1 

v  1 

(11.21) 


The  relationship  between  the  load  increment  and  the  separation 
w  during  the  intermediate  rigid  coupling  stage  has  the  form 


A(«P)==P 


2sC(3-n)(«,-*«)  _ 


(11.22) 


The  hysteresis  loop  for  a  washer  deformed  between  rigid  plates  is  shown 
in  Fig.  65. 


§12. 


ABSORBERS  WITH  TAF 


RINGS 


We  are  considering  here  systems  of  ring-shaped  springs,  which  can 
be  assembled  from  two  different  types  of  rings  -  split  and  continuous. 

A  spring  with  continuous  rings  is  shown  in  Fig.  69a,  and  with  split  rings 
in  Fig.  69b.  Hie  continuous  rings  experience  primarily  expansion  or 
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ccs^prsss  ion  when  the  spring  shrinks,  while  the  split  [rings]  exper¬ 
ience  bending;  therefore  the  computational  dependencies  for  determin¬ 
ation  of  damping  characteristics  will  be  different. 

Let  us  first  consider  continuous  rings.  As  each  ring  comes  under 
pr.vsure,  it  is  loaded  by  a  system  of  uniformly  distributed  loads  £ 
and  fp  (Pig.  70). 


o) 


b 

6) 


Fig.  69 


The  problem  of  the  rings’  deformation 
can  be  solved  approximately  [and]  with 
sufficient  accuracy,  regarding  each  of  them 
as  a  thin  ring  with  radius  R,  loaded  by  a 
uniformly  distributed  radial  load  of  inten¬ 
sity  qr,  which  is  equal  to  the  sum  of  the 
projections  of  loads  £  and  f£  on  the  radial 


direction. 

The  first  stage.  The 


Pig.  70 


direction  in  which  the  frictional  force  acts 
during  the  first  stage  corresponds  to  Pig. 
70.  From  the  sum  of  load  projections  on  the 
spring  axis 

2jsR  (p  sip  p-fjip  cos  ?)  =  *!»  (12.1) 

and  on  the  radial  direction 


2  (/» t  os  ?  —  fp  sin  ?)  ==  fr 

we  will  find  the  value  of  the  radial  load. 


*==«*» 


1— /tgp 


(12.2) 


(12.3) 


The  circumferential  deformation  of  the  ring  is  determined  by 
Hooke* s  law  for  a  uniaxial  stressed  state 


< 


EF  ' 


(12.4) 


where  E  is  the  modulus  of  elasticity  of  the  ring  material  and  F  —  the 
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cross-sectional  area  of  the  ring. 

The  axial  approximation  of  two  rings  in  the  vicinity  of  the 
ring  under  consideration  and  -aused  only  by  the  deformation  of  the 
latter  is  equal  to 


r  =  2«Hc*gp.  (12.5) 

The  total  upsetting  of  the  spring  can  be  calculated  as  a  result 
of  multiplying  w  by  the  number  of  rings.  The  relationship  between  the 
convergence  of  rings  and  the  load  during  the  first  loading  stage  can 
be  found  after  the  expressions  found  earlier  for  quantities 

(12.6) 


W 


2*(clgP-/) 
*£f  (lfP  +  /) 


are  substituted  in  the  latter.  This  dependence  is  represented  in  the 
graph  (Fig.  71)  by  a  straight  line  passing  through  points  0  and  2.  At 
the  end  of  the  stage  under  consideration  a  =  1,  so  that 

zmimr  (18-7) 

The  second  stage.  When  the  load  is  decreased,  parameter  a  assumes 
successively  diminishing  values,  smaller  than  unity.  Relative  slip  of 

the  mating  surfaces  is  absent  for  a  cer¬ 
tain  value  a  =  and  the  axial  conver¬ 
gence  of  the  rings  becomes  constant  and 
equal  to  On  the  graph  (Fig.  71) » 

this  process  is  represented  by  a  straight 
line  parallel  to  the  ordinate  axis  and 
passing  through  points  2  and  3*  The  value  of  will  be  determined  be¬ 
low. 

The  third  stage.  After  parameter  a  reaches  values  smaller  than 
a^,  the  rings  will  begin  to  move  apart.  During  this  stage  the  load 
continues  to  decrease,  therefore  the  frictional  forces  have  directions 
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opposite  to  those  which  they  had  during  the  first  stage;  the  radial 
load  is  determined  by  the  dependence 


(12.8) 


After  repeating  the  calculations  performed  for  the  first  stage,  but 
for  a  new  value  of  qr,  we  will  obtain  a  relationship  between  the  axial 
convergence  of  the  rings  and  the  load  in  the  form 


rJEfUgfi-f) 


x P. 


(12.9) 


The  value  of  can  now  be  determined  from  the  condition  of 
equality  of  displacements  calculated  by  Formulas  (12.7)  and  (12.9)  for 
point  3  on  the  graph  (Fig.  71) : 


(ctgS-A  (igt  —  1) 
(vtg %^-f)  <»g?  +  /> 


(12.10) 


The  straight  line  corresponding  to  the  dependence  (12.9)  passes,  in 
Fig.  71,  through  points  0  and  3. 

The  fourth  stage.  After  the  load  has  reached  the  minimal  value 
(for  a  »  r)  it  again  begins  to  Increase.  No  slip  exists  along  the 


contact  surfaces  up  to  a  certain  value  a  *  and  the  axial  conver¬ 
gence  remains  constant  and  equal  to  wm1r> : 


2* 


(12.11) 


A  straight  line  parallel  to  the  ordinate  axis  and  passing  through 
points  4  and  1  corresponds  to  this  dependence  on  the  graph  (Fig.  71). 

After  the  load  reaches  the  value  o^P,  the  convergence  of  the 
rings  is  again  determined  by  Dependence  (12.6)  and  the  cycle  Is  re¬ 
peated. 

The  value  of  is  determined  from  the  condition  of  equality  of 
displacements,  calculated  by  Formulas  (12.6)  and  (12.11)  for  the  poll* 
Is 
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-  h  (»g  %-r  to  . 

•*  '  >ly  t  /)(tg  ?  -  /) 


(12.12) 


The  area  of  the  hysteresis  loop  described  in  Pig.  71  is  equal  to 


IK?)  f /«»-•?- /-A4 

(12.13) 

rMF  (clg*  0  -  /)  Httr  H  /  ' 

\ift  t»  —  /  a 

Taking  into  account  Relationships  (12.10)  and  (12.12),  we  can  re¬ 
write  Expression  (12.13)  in  the  form 

_  2miZ±±l !(*,!»)*  -  (rpf I  (12.14) 


or 

_  _  ,„w  {12. 15) 

*  itf^^P  +  AOgP-r/y*  v  ' 

It  can  be  seen  from  Expressions  (12.14)  and  (12.15)  that  the  en¬ 
ergy  dissipated  during  a  cycle  Is  proportional  to  the  difference  be¬ 
tween  the  squares  of  the  loads  corresponding  to  the  beginning  and  end 
of  relative  slip  of  the  mating  planes  on  loading  or  unloading. 

Analyzing  Dependence  (12.13)»  we  can  see  that  the  value  of  the 
energy  dissipated  during  a  cycle  increases  with  a  decrease  of  angle 
0  and  for  the  value  3  «  3^  determined  from  the  condition 

*«&  =  /•  (12.16) 

the  entire  supplied  energy  is  dissipated  during  one  loading  cycle.  The 
same  value  of  3  Is  also  the  minimal  allowable,  since  Jamning  ensues 
for  smaller  angles. . 

Let  us  now  turn  to  split  rings.  Let  us  consider  a  split  ring  with 
variable  cross  section,  with  geometrical  dimensions  shown  in  Fig.  72. 
It  Is  loaded  in  the  same  manner  as  the  continuous  one,  by  forces  dis¬ 
tributed  over  the  contact  surfaces,  the  resultant  of  which  is  equal  to 
the  external  axial  load  aP. 

The  ring  bends  under  the  action  of  the  radial  pressure  component. 
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and  of  the  frictional  forces  acting  along  the  mating  surfaces.  It  is 
obvious  that  the  axial  convergence  of  rings  neighboring  on  the  one  un¬ 
der  consideration  will  be  basically  de¬ 
termined  by  the  bending  deformation  due 
to  the  action  of  radial  forces;  the  refin¬ 
ing  effects  can  be  disregarded.  For  the 
sake  of  simplification  of  computations, 
let  us  replace  the  pentagonal  ring  sec¬ 
tions  by  rectangular.  This  will  not  intro¬ 
duce  substantial  errors  if  the  triangular 
parts  of  the  sections  are  replaced  by 
rectangular  ones  with  sides  b  and 

TT*®1**  .  The  width  of  the  ring  bounded  by  eccentric  annular  cyllndrl- 
2f  3 

cal  surfaces,  measured  along  the  normal  to  the  center  line,  passing 
through  the  section's  centers  of  gravity,  is  determined  by  the  depend¬ 
ence 


k 


I  t 

s?*r 

fecosq 

l  2 

H 

fF) 

r 

(12.17) 


Here  R  is  the  radius  of  the  central  axial  line;  e  —  the  eccentricity 
of  the  internal  and  external  circles;  hg  the  width  of  the  ring  at  the 
Joint  lock  and  9  is  an  angle  reckoned  from  the  radius  passing  through 
the  Joint  lock.  Dropping  terms  ,  we  will  write  the  approxi¬ 

mate  expression  for  the  width  of  the  ring 

=  cos*)-!-**  (12.18) 

which  will  be  further  utilized  in  the  calculations  of  the  section 
moments  of  inertia. 

The  scheme  of  force  distribution  along  the  ring  based  on  the  known 
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concepts  of  the  Interaction  of  a  split  ring  with  the  rigid  cylindrical 
surface  in  contact  with  it  is  shown  in  Pig.  73. 

It  follows  from  the  differential  equation 
of  the  elastic  curve  of  a  cu^ed  rod 


M  —  EJ 


/ <Fu 

\«/s* 

(12.19) 


Fig.  73 


that  on  segment  BCB,  where  the  radial  dis¬ 
placement  is  constant,  the  bending  moment 
is  equal  to 

(12.20) 


Mu  =  £/* 1 

Substituting  for  J  Its  value  found  according  to  Expression  (12.18)  we 
will  get: 

where 


The  bending  moment  at  the  segment  AB 

ifca  (12.22) 

Prom  the  equality  cf  and  at  section  B  for  9  *  f ,  we  can  find 

»  *£&e*(l  4-  *— ecs+P  Mo  00  \ 

p, - ssr sn — • 

Starting  with  differential  dependences  for  a  curved  beam  with  a 
circular  axis  (Pig.  74)  loaded  by  distributed  radial  forces  of  inten¬ 
sity  q_ 


*  fril  +  AT 

If-** 

•f  v 


V 


(12.24) 
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we  can  get 


*M  ,  dM 

•  v++~ 


or,  after  Integrating  once, 


dW 

V 


+  ^  =  + 


\  **" —  *  - 


(12.26) 


**=.*«*  + 1IJV 

found  from  Expressions  (12.24)  and  the  boundary  conditions  for  <p  =  if 

and  JV=  —  P.ainf  (12.27) 

are  substituted  into  (12.26).  It  follows  from  this  that  C  =  0. 

Let  us  substitute  into  the  thus  found  dependence 

*=jp(sF+")  (12-28> 

the  expression  for  the  bending  moment  M;  then  the  relationship  govern¬ 
ing  the  pressure  distribution  along  segment  BC3  will  be  written  in  the 
form 


^  -  3  (fc  +  i)  eo»  ? +• 

.+ 6(M- >)*>•, -6cm»m,,  + 2 


(12.29) 


The  moment  equation  relative  to  point  C  makes  it  possible  to  find  the 


force  Pgj 
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Pt 


-JiEi-f  a 

I2A*  sin  *1' 


\Y  -i* 


—  •>»*  _  3  tk 
—  *  — 


(12.30) 


The  condition  relating  the  radial  displacement  of  point  A  to  the 
previously  found  values  of  the  bending  moments 


2u 


/ 


Mas  &M  it 

EJ  HPT 


Rfy. 

dPt 


(12.31) 


after  the  quantities  entering  it  are  substituted  and  after  integration, 
gives  an  equation  for  the  determination  of  the  angle  if,  bounding  the 
rings’  contact  zone: 


*rci* 


(12.32) 


where  s 


k 

*  +  2 


For  k  =  «,  the  equation  (12.32)  for  a  ring  with  constant  thick¬ 
ness  will  be  written  In  the  form 


i-  J-  cos*. 
♦ 


(12.33) 


which  gives  *  ~  122°;  f or  k  =  0  we  will  find  that  ♦  -  0. 

The  condition  of  equivalence  between  the  radial  forces  and  the 
external  load  is  determined  by  the  dependence 

» 

mP  (ctf  p  +  /)  =*  2Pt  +  2Pt  +  2  y  flUf  -  (12.34) 

After  the  values  of  the  appropriate  quantities  are  substituted  In 
to  the  last  expression  we  will  find 

«!><«** (12-35) 

where 
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(12.36) 


Y-rn^r<U  i  2<2  +  +  *)1  - 

Nil  Y 

-  12 (*+  1J»  +  6 (Ar-M)*  +  12 (AH  !)!«*+  + 

+  6  (Ac  +1)  coe*  4*  -f  (fiAr  +  4)  cos*  <]t  — 

-«*•*}  +  1(4+1)*  (s-ty-f -;•(*+ 1)  <«-*)  + 
+  -g*  (k  +  I)  «n  24>  -f  —  s»n*  y  —  -i-  sin  i|>. 


Repeating  the  same  deliberations  as  In  the  preceding  problem,  we 
can  construct  a  hysteresis  loop,  which  has  the  shape  shown  in  Pig.  71. 
The  area  of  the  hysteresis  loop  is  equal  to: 


* 


2**/(clg£-t-tgft) 
E!<*T( ctg*p  — /) 


Kct /ctgp-i-/ 

* gfi+rf  l***-/ 


(12.37) 


[Footnotes ) 


Manu¬ 
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Page 
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107  Figure  62d  does  not  show  tangential  stresses  in  the  strip’s 
cross  sections;  these  stresses,  variable  along  the  length 
(arising  according  to  the  pairing  property  of  tangential 
stresses),  create  a  self-balanced  system  in  each  section  and 
will  not  enter  the  equations  that  are  subsequently  f^roulated. 

Ill  A  more  detailed  analysis  shows  that  no  rigid  coupling  on  a 
segment  of  the  strip  length  is  possible  during  unloading. 
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Part  Two 


SYSTEMS  WITH  ELASTIC-FRICTIONAL  COUPLINGS 


Chapter  5 
RIVETED  JOINTS 

§13.  AN  ELEMENTARY  SYSTEM 

To  clarify  the  basic  qualitative  peculiarities  of  the  deformation 
of  systems  with  elastic  frictional  character  of  interaction  between 
parts,  let  us  consider  the  elementary  system  represented  in  Fig.  75a. 

The  system  consists  of  an  elastic  strip,  pressed  to  a  rigid  un- 
deformable  foundation;  it  differs  from  the  system  considered  in  §  1 
by  the  presence  of  couplings  elastically  resisting  slippage  of  the 
strip  along  the  foundation.  Therefore,  not  only  frictional  forces  but 


hi — n*cM 
%> 


pig.  75 


also  tangential  forces  of  interaction 
which  have  an  elastic  character,  arise  be¬ 
tween  the  strip  and  the  foundation.  The 
number  of  elastic  couplings  is  assumed  to 
be  sufficiently  great  so  that  it  Is  possi¬ 
ble  to  replace  discrete  couplings  by  a 
continuous  elastic  layer;  furthermore,  the 
tangential  interaction  forces  between  the 


strip  and  the  foundation  will  be  assumed  to  be  distributed  along  the 
entire  length  of  the  strip. 

The  peculiarities  of  the  distribution  of  frictional  forces  between 
the  strip  and  foundation  pointed  out  in  Section  1  remain  valid  in  this 
case;  frictional  forces  are  equal  to  zero  at  segnents  where  slip  is 
absent;  where  slip  is  present,  these  forces  are  equal  to  q^.  Let  us 
add  to  this  that  the  reactions  of  elastic  couplings  arise  only  in  those 
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regions  where  the  strip  slips  along  the  foundation;  the  elastic  reac¬ 
tions  thus  arise  only  in  those  regions  where  frictional  forces  are 
present.  The  intensity  of  the  reaction  of  elastic  couplings  will  be 
determined  by  the  dependence 

(13.1) 

p 

where  c  (kg/cm  )  is  the  rigidity  coefficient  of  the  couplings  and  u, 
as  above,  the  displacement  of  the  current  section  in  the  direction  of 
the  x-axls;  this  displacement  will  be  denoted  by  the  indices  1,  2  and 
3,  corresponding  to  the  three  stages  of  the  process. 

The  first  stage.  Pig.  75b  illustrates  an  element  of  the  strip  iso¬ 
lated  in  its  deformation  zone,  and  also  forces  acting  on  this  element. 
The  equilibrium  equation 

-V  -  *  -  cm,  =  0  (13.2) 

after  the  substitution 

=  &•>  (13.3) 

Is  reduced  to  the  differential  equation 

■I'— P*»i  =  gp.  (13-4) 

where 

(i3.5) 

The  solution  of  Eq.  (13.4)  has  the  form 

«, «  A +  B»e-*  “  (x3*  6) 

For  determination  of  the  quantities  and  and  also  of  the  size  of 
the  deformation  zone,  we  will  utilize  the  following  three  boundary 
conditions ; 

»»,(/—«,,«)  =  0;  «;(!-•,«)  =0:  (13-7) 
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«i  (*.  «J 


Ef 


\  — -  *  r 


Here  Is  the  length  of  the  slip  region  corresponding  to  the  given 
value  of  a.  It  is  assumed  that  force  N  is  not  too  great,  so  that  a^  <  1_ 
even  for  a  =  1.  The  first  two  conditions  thus  pertain  to  the  left 
boundary  of  the  slip  segnent,  where  it  is  the  displacement  and  the 
longitudinal  force  N,  proportional  to  the  derivative  u|,  which  are 
equal  to  zero;  the  last  condition  pertains  to  the  right  end  of  the 
strip.  Utilizing  (13.7) t  we  will  get 

The  distribution  of  tangential  forces  of  Interatlon  between  the  strip 
and  the  foundation  in  the  process  of  the  first  loading  is  shown  in 
Fig.  75c. 

The  second  3tage.  During  the  second  stage  a  reverse  slip  zone 
appears  near  to  the  end;  the  equation  for  this  zone  will  be  written  in 
the  form 

-jy.  03. 9) 

The  solution  of  this  equation  should  satisfy  the  boundary  condi¬ 
tions 


it,  (I  —  «».«)  *  %<I  —  !), 

*4  (i  -  «*.  *) = «;  (<-«!.»).  (13. 10) 

“i  &  “  jy- 

The  first  two  conditions  pertain  to  the  boundary  between  the  direct  and 
reverse  slip  zones,  when  the  solutions  of  Eqs.  (13.4)  and  (13*9)  should 
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coincide  with  the  first  derivatives  of  these  solutions. 


The  solution  of  Eq.  (13-9)  has  the  form 

lit  -  .4,^*  4-  Bte-**  +  “  • 

where 

The  length  of  the  reverse  slip  zone  is  determined  by  the  formula 

**  -  ‘f  k  P£ V<—  '>■ +  ~  *  +  ’]  (13-13) 

The  third  stage.  The  load  Increases  again.  For  the  end  segment 
when  direct  slip  is  renewed,  the  equation  again  acquires  the  previous 
form  (13-4),  so  that  the  solution  will  be  written  in  the  form 

(13*14) 

Boundary  conditions 

(13.15) 

serve  for  the  determination  of  the  length  of  the  end  zone  a^  and  of  the 
quantities  and  Utilizing  (13*15)#  we  will  find 

*  -  HSgfWiH- 


(13.11) 


(13-12) 
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Utilizing  Expressions  (13.6),  (13.II)  and  (13.14)  for  u^  u2  and  u^, 
we  can  construct  a  hysteresis  loop  for  any  given  combination  of  the 
system’s  parameters.  The  general  character  of  the  loop  coincides  with 
that  illustrated  in  Pig.  14.  The  area  of  the  loop  is  determined  by 
Formula  (1.32)  and  is  equal  to 


2,^1 2,;|nr  l  + 

^  J-r  + 


(13-17) 


Substituting  here,  as  above,  P(1  —  r)  =  2Py,  we  will  get 


yr+?-i{ 

yr+?+iJ 


where  the  parameter 


(13.18) 


T 


(13.19) 


characterizes  the  role  of  frictional  forces  in  relation  to  the  found¬ 
ation.  For  a  vanishingly  small  rigidity  of  couplings  we  can  assume 
that  0=0  and  the  expression  in  parentheses  will  become  indeterminate. 
After  the  indeterminate  function  has  been  evaluated,  we  find  that  it 
is  equal  to  1/3;  furthermore.  Solution  (1.34)  coincides  with  Solution 
(13.18)  obtained  above  for  the  case  when  elastic  couplings  are  absent. 
For  vanishingly  small  frictional  forces  =  0  and  the  entire  expres¬ 
sion  (I3.I8)  becomes  zero. 

Figure  76  shows  the  dependence  of  the  area  of  the  hysteresis  loop 
7  on  the  dimensionless  parameter  y.  The  ratio  of  ¥  to  the  value  of  ¥q 
calculated  by  Formula  (1.34)  and  corresponding  to  the  case  when  elastic 
couplings  are  absent  is  laid  off  along  the  ordinate  axis. 

As  can  be  seen  from  the  graph,  already  for  y  >  2  the  difference 
between  Y  and  ¥q  becomes  insubstantial  and  it  is  possible  to  approxi¬ 
mately  estimate  energy  dissipation  disregarding  the  role  of  elastic 
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couplings. 

The  solution  here  preserved  can  with¬ 
out  difficulty  he  extended  to  the  case 
when  slip  takes  place  along  the  entire 
length  of  the  strip  for  large  values  of  P. 

Pig.  76 

§14.  JOINING  TWO  STRIPS  BY  COVER  PLATES 

Let  us  now  consider  two  strips  joined  hy  cover  plates  by  means 
of  rivets  (Pig.  77)  •  If  the  number  of  rivets  is  sufficiently  great 
we  can  assume  that  the  Intensity  of  tangential  forces  of  interaction 
in  the  slip  zone  is  equal  to 

«  =  *  +  —  (14.1) 

where  u^  is  the  displacement  of  the  current  section  of  the  strip  and 
Ug  is  the  displacement  of  the  current  section  of  the  cover  plates. 

The  intensity  of  the  reaction  of  the  elastic  couplings 

*  =* c "“ *•) *  (t4  2J 

Figure  78  shows  the  loading  of  the  elements  of  the  Joint  at  the 
end  of  the  first  loading  stage  (it  is  assumed  that  the  value  of  force 
P  is  insufficient  for  the  relative  displacements  to  propagate  over  the 
entire  mating  surface). 

Let  us  consider  the  equilibrium  of 
an  end  segment  of  the  strip,  on  which 
slip  takes  place.  This  segment  has  a 

Pig.  77 

length  a^  and  is  subjected  to  the  action 
of  forces  aP,  £  and  kaP,  as  this  is  shown  in  Pig.  79a.  The  magnitude  of 

force  koP  is  determined  from  the  con¬ 
dition  of  equality  of  the  displacements 
of  the  strip  and  the  cover  plates  at 
Pig.  76  the  boundary  of  the  segment  and  is 
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equal  to 


t 


*«/*  = 


**  +  * 


•P. 


(14.3) 


l.e. , 


(14.4) 


where  is  the  rigidity  of  the  strip* s  section  and  is  the  total 
rigidity  of  the  cover  plates*  sections. 

Denoting  the  normal  forces  in  the  current  sections  of  the  strip 
and  the  cover  plates  by  and  N^,  we  will  write  the  condition  for 
the  equilibrium  of  the  strip  element  (Pig.  79d) 


=  (14.5) 

Differentiating  Eq.  (14.5)  in  respect  to  x  and  keeping  in  mind 
that  N-^  sr  kxu*l  anci  =  -£■ — »*| ~  (since  Ng  =  aP  —  N ^  in  any  section), 

we  will  get  the  equation 


(14.6) 


where 


As  follows  from  load  systems  on  the  element  during  the  second  and 
third  loading  stages  (Pig.  79b  and  c),  Eq.  (14.6)  is  valid  also  for 
these  stages. 

Assigning  to  u  additional  indices,  corresponding  to  the  stage 
numbers,  we  will  write  the  boundary  conditions  for  each  stage. 

The  first  3tage; 


•hi  («.  0)  =*  0, 

.  .  A  fa# 

(•*  0)  “  * 


(14.8) 
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(14.8) 


4  M  . 

•"  /-  A» _ ?• 

■'ll  \*»«*  —  T" 


The  second  stage: 


«» («.  *»)  *  *n  <l,  «a)  -  * 


<,(«,  «s)  =  *,',  («,«*)■ 


Q-*iP 
*tf  v1 


The  third  stage: 


a£fc  *»»•£« «,*)-?&. 

c*.  «*>  *= 


«*(«.%>  =  «tt  (h«») 

“« <«.*>=  *«  <r.  *t) + 

*M  (*•«»)*  “«  *)  +  ^ 

T5*'  * 


(14.9) 


(14.10) 


Subjecting  the  solution  of  Eq.  (14.6)  successively  to  the  boundary 
conditions  (14.8),  (14.9)  and  (14.10),  we  will  obtain  the  following 
expression  for  deteralnatlon  of  the  displacement  of  the  right  end 
section. 

During  the  first  stage: 

rnPMj 


““"PS 


where 


4  +  V 


IvFFF-l 


(14.11) 


(14.12) 


During  the  second  stage; 


+  i 


(14.13) 
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(14.13) 


During  the  third  stage: 


vi 


fl  — r)P(l  —  lt)P 


2f» 


r 


+*+ 


«HE3S3ar*'-,hsft' 


(14.14) 


The  graph  of  the  dependence  of  the  displacement  of  the  right  end 
section  of  the  strip  on  the  force  aP  is  similar  to  that  illustrated 


Pig.  79 

in  Pig.  14. 

Finding,  as  before  the  area  of  the  hysteresis  loop,  we  will  obtain 
the  value  of  the  energy  dissipated  in  the  considered  part  of  the  Joint: 


where 


<1  —  Kfi 

**t  \ 

(14.15) 

T.(i-¥r 

(14.16) 
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To  determine  the  energy  dissipated  on  the  internal  segments  of 
the  mating  surface  (segment  aj  in  Pig.  ?B),  it  is  sufficient  to  in¬ 
terchange  the  positions  of  and  kg  in  Expression  (14.15).  Then  we 
will  obtain  the  following  expression  for  the  total  dissipated  energy: 


T 


where 


Y*  -~ 


r.  • 


(14.18) 


Figure  80  illustrates  the  dependence 
of  the  area  of  the  hysteresis  loop  on  the 
parameter  y  =  p-  for  different  ra¬ 

tios  kg  :  k^.  The  ratio  of  ¥  to  the  value 
of  Iq  corresponding  to  a  purely  frictional 
coupling  is,  as  before,  laid  off  on  the 
ordinate  axis.  Value  k^  :  k^  =  1  corres¬ 
ponds  to  the  maximal  energy  dissipation, 
the  value  kg  :  k^  =  »  —  to  minimal  dissipation.  The  curve  for  k^  :  kn 
=  «  coincides  with  that  shown  in  Fig.  76,  since  in  this  case  Formula 
(14.17)  is  transformed  into  (13. 18).  As  can  be  seen  from  the  graphs, 

the  simpler  Formula  (  t3-l8)  can  be 

V 

utilized  for  an  approximate  estimate, 
and  Fomula  (1.34)  —  for  y  >  2. 

The  character  of  the  dependence  of 
the  area  of  the  hysteresis  loop  ¥  on  the 
frictional  force  qQ  is  shown  in  Fig.  81. 


In  the  general  case,  the  curve  has  two 
maxima,  corresponding  to  the  maxima  of 
energy  dissipated  in  two  different  ends  of  the  mating  surface. 
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$15.  PURE  BENDING  OP  A  BEAM  WITH  COVER  PLATES 

Figure  82  shows  the  beam  with  cover  plates  which 
here,  loaded  by  two  bending  moments.  The  cover  plates  are  joined  to 
the  beam  by  rivets;  the  external  moment  is  applied  only  to  the  beam. 
This  scheme  is  similar  to  that  considered  in  Section  4. 


Pig.  82 

Slip  of  the  cover  plate  relative  to  the  external  fiber  of  the  beam 
occurs  at  the  beam's  ends  for  any  value  of  aM.  The  intensity  of  the 
tangential  forces  of  interaction  between  the  cover  plates  and  the  beam 
will  be  written  as  before  in  the  form 


to -«.)  +  *.  (15.1) 

where  ^  is  the  displacement  of  a  point  of  the  extreme  beam  layer  and 
u 2  is  the  displacement  of  the  corresponding  point  on  the  cover  plate. 

It  is  assumed  in  the  subsequent  calculations  that  the  cover  plates 
are  sufficiently  thin  and  their  rigidity  in  bending  is  not  taken  Into 
account. 


Figure  83  shows  the  beam  loading  during  the  three  loading  stages 


Pig.  83 


(the  cover  plates  are  taken  off).  Let  us 
separate  a  differential  element  of  the 
segnent  where  slip  took  place  (Fig.  84) 
and,  denoting  the  bending  moment  in  the 
beam  section  by  Mq,  let  us  write  the  con¬ 
dition  for  the  element *8  equilibrium 

£*-*-0.  (15.2) 


where  h  is  the  height  of  the  beam. 


TT4*  <  1  4  »■(*«««  a  1  n  ^  4  Pa»»  4-^a  Ami<(  1  4  V\»»^  tnw  r> 

0^11^4.05  aiov  witv;  tv^uavdivi*  *■  v/x  v**v  ^mu  v 


n  f  f  V\o  or»^  e 

V  *  V«tV  V*»v  MV(5 


merit  of  the  beam  (Fig.  85) 


and  the  relationship 


■Jf  =  4f.  1  £F«; 


2E/.  • 

*^»  —  jj  **i  • 


(15-3) 


(15.4) 


where  P  is  the  cross-sectional  area  of  the  cover  plat^  and  Jq  is  the 
moment  of  inertia  of  the  beam  section  without  the  cover  plates,  we 


will  obtain  the  equation 


el  *Mck 

“1  “  HJjFUi - 2M/7* 


(15.5) 


where  J  is  the  moment  of  inertia  of  the  cross  section  of  the  beam  with 


the  cover  plates. 


M*dH. 


=»-c(qrtO 
Pig.  84 


The  form  of  Bq.  (15-5)  is  similar  to  Eq. 
(14.6).  Similar  to  the  manner  in  which  it  was 
done  in  the  preceding  paragraph,  we  can  obtain 
the  following  expression  for  the  energy  dissi¬ 
pated  during  the  beam's  loading  cycle: 

*■*?)•  (156) 


wh#re 


**-«  m? 


(15.7) 


It  is  obvious  that  also  in  this  case  it  is  possible  to  approxi¬ 
mately  det'nnlne,  for  *y  >  2,  the  dissi- 

\  . 1 — pated  energy  by  Formula  (4.15)#  obtained 

— — «  /  for  a  purely  frictional  joint. 

oc  If  the  slip  regions  are  propagated 

Pig.  05 

over  the  entire  mating  surface,  the  hys- 
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teresis  loop  has  the  shape  shown  In  Pig.  21  -  In  this  case  a  successive 
analysis  of  the  five  loading  stages  results  in  the  following  formula 

f  Via  ernno  A f*  1  AAn  • 

A  W4>  V*IV  V%A  VV*  VA  v««v  A  • 


y-w[r1(,“^)  +  U,P'^?i]'  (158) 

where  P  —  Mr  »  and  21  is  length  of  the  cover  plate. 

£r/| 

The  boundary  of  applicability  of  Formulas  (15*7)  and  (15*9) [sic] 
Is  determined  by  the  amplitude  of  the  moment 


M9 


(15.9) 


Formula  (15.6)  Is  valid  for  smaller  amplitudes  and  Formula  (15.8) 
for  larger  ones. 

The  applicability  of  the  dependencies  obtained  above  for  determin¬ 
ation  of  energy  dissipation  of  actual  riveted  Joints  operating  In  the 
dynamic  mode  was  verified  by  experiment. 

The  experimental  specimen  constituted  a  steel  beam  with  a  rectan¬ 
gular  cross  section  (Fig.  86)  fabricated  together  with  the 


end  masses  as  a  single  entity.  The  cover  plates  were  fastened  to  the 
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beam  by  steel  rivets.  To  ensure  a  sufficiently  uniform  press!.  \e 

cover  plates  to  the  beam  and  to  improve  filling  of  the  holes,  the 
heads  were?  formed  by  pressing  tno  rivets  using  the  same  force  for  each 
of  them. 


Pig.  87 


The  general  view  of  the  experimental  installation  is  shown  in 
Pig.  87.  The  beam  was  suspended  by  vertical  wires  to  massive  plates 

and  was  brought  into  resonance  by  an  electromagnet  oscillator,  fed  by 
variable- frequency  AC.  Of  the  two  possible  bending- vibration  modes, 

(Pig.  88),  we  induced  the  first.  The  amplitude  of  the  disturbing 

force  could  be  changed  ana  the  amplitude  controlled  by  varying  the 
distance  between  the  oscillator  and  the  beam.  After  the  given  ampli¬ 
tude  has  been  set,  the  oscillator  was  shut  off  and  the  oscillogram 
oi  free  vibrations  was  recorded.  The  recording  was  made  off  a  tenso- 
meter  utilizing  the  UD-3H  (IMASh  All  SSSR)  amplifier  and  the  MPO-2 
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Pig.  88 

oscillograph. 

The  energy  dissipated  during  one  cycle  was  determined  by  the  for¬ 
mula 

=  (15.10) 


where  k  is  the  rigidity  of  the  beam,  i.e.  .  the  torque  creating  a 
lelative  angle  of  twist  of  the  erd  masses  equal  to  one  radian  and 
is  the  angle  of  relative  twist  of  the  end  masses. 

The  determination  of  the  beam’s  rigidity  and  calibration  of  the 
oscillograms  were  performed  under  static  conditions. 

A  linear  relationship  between  the  deformation  on  one  hand  and  the 
torque  and  angle  of  twist  on  the  other  was  assumed  in  the  interpreta¬ 
tion  of  the  oscillograms. 

The  results  of  the  experiment  were  compared  with  the  theoretical, 
calculated  by  Formula  (15*7)  transformed  to  the  form 


Y  = 


Zt'j'Etpn 


n*  7*1» 


y^TT+i/* 


(15.12) 


Here 


2 iP 

M.k 


where  fj>  is  the  frictional  force  corresponding  to  one  rivet,  £  is  the 
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rigidity  of  one  rivet  and  n  is  the  number  of  rivets  per  unit  length  of 
the  cover  plates. 

The  number  of  rivets  n  and  the  frictional  force  were  varied  in 
the  course  of  the  experiments;  the  latter  was  achieved  by  changing  the 
force  with  which  the  rivet  heads  were  pressed. 

Special  specimens  (Pig.  89),  consisting  of  two  plates  joined  by 
cover  plates  by  four  or  six  rivets,  the  heads  of  which  were  pressed 
by  the  same  force  as  was  used  in  the  assembly  of  the  beam,  were  fabri¬ 
cated  for  the  determination  of  numerical  values  of  quantities  c  and 
fp.  Thin  graduation  lines  were  made  in  the  polished  side  surfaces  of 
the  specimen;  the  specimen  was  stretched  in  a  special  fixture  and 
the  relative  displacements  of  the  graduation  lines  on  loading  and  un¬ 
loading  were  measured  under  a  microscope  with  28Qx  magnification 
(MIM-6).  Graphs  of  the  dependence  of  the  stretching  force  Q  on  the 
mean  relative  displacement  6  had  the  shape  shown  in  Fig.  90.  The  val¬ 
ues  of  f£  and  c  were  taken  as  equal  to: 


fp 


=:?S. 


c  — 


*89 


2m  ’  2m  * 

where  n  is  the  number  of  rivets  on  the  specimen.  It  was  found  that  the 

frictional  force  fj>  Is  equal  to  25  and  60 
kg  respectively  for  a  head  pressing  force  of 
1000  and  3000  kg.  The  mean  rigidity  £  on 
changing  the  pressing  force  from  1000  to 

a-  4 

3000  remained  constant  and  was  equal  to  6.10 
kg/cm.  Deviation  from  the  mean  values  did 
not  exceed  25$. 

The  frictional  force  was  determined  by 
still  another  method.  A  slot  from  the  middle 
rivet  hole  to  the  edge  was  cut  in  one  of  the  specimen’s  plates  (Fig.  91). 


f 


The  cover  plates  were  joined  to  this  plate  by  one  rivet  put  into  the 


slot.  The  frictional  force  was  assumed  to  be  equal  to  half  of  the 

tearing  capacity  of  the  plate.  Results 

IQ 

measured  by  the  first  and  second  methods 
///I  gave  the  same  mean  value  of  the  quantity 


Graphs  showing  the  dependence  of  en¬ 
ergy  dissipated  during  one  cycle  on  the 
amplitude  of  the  torque  and  the  experimen¬ 
tal  points  corresponding  to  then  are  shown 
in  Pigs.  92  and  93*  The  experimental  re- 


Fig.  90 


suits  fully  verify  the  validity  of  the  theoretical  relationships.  A 
curve  corresponding  to  the  case  c  =  0  (purely  frictional  joint)  is 
shown  in  Pig.  93  by  a  dashed  line.  The  two  curves  almost  coincide, 
which  verifies  the  previously  drawn  conclusion  as  to  the  applicability 

of  Formula  (4.15)  for  approximate  calculations  of  en- 
ergy  dissipation  in  elastic-frictional  Joints  (for 
^  large  values  of  parameter  7). 

§16.  TRANSVERSE  BENDING  OP  A  CANTILEVER 

We  shall  consider  Goodman’s  and  Klamp’s  problem 


|  Fig.  92.  a)  Kg-cm:  b)  kg/cm; 
1  c)  kg;  d)  kg-cm. 


Pig.  93.  a)  Kg-cm;  b)  kg/cm; 
c)  kg;  d)  kg-cm. 
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presented  in  Section  5  on  the  assianption  that  not  only  tangential 
frictional  forces,  but  elastic  resistance  forces  (for  example,  due  to 
a  rivet  or  bolt  system)  can  act  on  the  mating  surface  of  two  beam 
layers . 

During  the  first  stage,  as  in  the  Goodman  and  Klamp  problem,  both 
halves  ot  the  cantilever  deform  together  and  the  end  deflection  is 
determined  by  Formula  (5-2)  up  to  the  value  aQ  =  4/3  qQh;  here  the 
tangential  forces  along  the  mating  surface  of  the  parts  are  realized 
only  in  the  form  of  frictional  forces. 

After  the  tangential  forces  reach  the  value  qQ,  simultaneous  slip 
will  occu,1  over  the  entire  mating  surface.  The  load  system  on  a  half 
of  the  cantilever  during  the  second  stage  is  shown  in  Fig.  94.  The  in¬ 
tensity  of  the  distributed  tangential  load  is  determined  by  the  de¬ 
pendence 


q  —  ft  4*  2«*» ,  (l6.l) 

where  u  is  the  displacement  in  the  current  section  along  the  mating 
plane. 


For  determination  of  the  displacement 
u  let  us  consider  the  conditions  for  the 
equilibrium  of  an  element  isolated  at  a 
distance  x  from  the  free  end  (Fig.  95) : 

W'  +  (2ftt  +  fl,)y-(?  =  0,  (16.2) 

A”  —  (2cu  +  $»)  =  0,  (16.3) 


where  M,  N  and  Q  are  the  bending  moment,  the  normal  and  shear  forces 
in  one  layer  of  the  cantilever. 

From  the  condition  of  equilibrium  of  the  cut-off  part  of  the  can¬ 
tilever  (Fig.  96)  we  will  get 

Nh  +  2.1/  =  mPi.  (16.4) 
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Hooke’s  law  for  the  beam’s  contact  surface  can  be  written  in  the 


form 


iV  6Jlf  _  , 
bk  ~bt?~Eu‘ 


(16.5) 


Utilizing  Dependencies  (16.2),  (16.3),  (16.4)  and  (16.5),  we  will 


get  the  equation 


(16.6) 


where 


(16.7) 


The  boundary  conditions  of  our  problem  have  the  following  fora: 


«(l)  =  0,  a'  (0  =  a 


(16.8) 


Determining  u  and  thus  clarifying  the  value  of  the  distributed  mo¬ 
ment  load, equal  to  qh/2,  we  will  find  the  displacement  of  the  cantil¬ 
ever’s  end  during  the  second  stage: 


**  ~  2AEJ 


+  (16.9) 


The  two  halves  again  deform  together  during  the  third  stage  and 


the  deflection  of  the  cantilever’s  end  is  equal  to: 

*  SET 


(16.10) 


(16.11) 


Without  dwelling  on  the  subsequent  [processes],  let  us  note  that 
in  the  given  case  the  hysteresis  loop  is  similar  to  that  presented  in 
Pig.  29.  Calculating  the  area  of  the  loop  by  Formula  (5.16),  we  will 


(16.12) 
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Figure  97  illustrates  the  dependence  of  the  ratio  ¥  :  (fA  is 

v  v 

calculated  by  Formula  (5-171  npo»*  the  parameter  1/ftL.  The  graph  coin¬ 
cides  with  that  shown  in  Fig.  76.  Ac  ratio  ¥/¥q  differs  very  little 
from  zero  for  the  value  l/{&  >2,  i.c.,  the  role  of  elastic  couplings 
becomes  insignificant.  The  dependence  of  the  dissipated  energy  on  the 
frictional  forces  can  be  illustrated  by  graphs  (see  Fig.  8l),  by 
changing  the  scale  of  the  ordinate  axis  by  a  ratio  of 


1 t 

thm 

fj3P# 

Let  us  present  the  final  results  of  the  solution  of  the  problem 


of  bending  of  a  cantilevered  beam  with  pressure  plates  (see  Fig.  10). 


Fig.  96  Fig.  97 


Plan  (36]  has  solved  a  similar  problem  on  the  assumption  that  the  in¬ 
teraction  between  the  cover  plates  and  the  beam  carries  an  elastic- 
frictional  character,  and  has  obtained  the  following  formula  for  the 
energy  dissipated  during  one  beam  loading  cycle: 


Here 


Y-^^-frZ-vbsby/).  (16.13) 

i/z:. 

'  2 J*+PJ?k  VEFJ . 


Formula  (5*29)  Is  obtained  for  c  =  0  as  a  particular  result  of 
Formula  (16.13). 

The  experiment  set  up  by  Flan  has  as  its  goal  checking  the  depend¬ 
ence  of  dissipated  energy  on  the  amplitude  of  the  force.  The  experimen¬ 
tal  beam  is  shown  in  Fig.  98.  The  pressure  plates  were  fastened  to  the 
beam  by  special  threaded  joints,  consisting  of  dowels  with  two  nuts. 

The  design  of  the  joints  ensured  transmission  of  the  elastic  forces 
from  the  beam  to  the  pressure  plates.  It  has  been  established  by  special 


Fig.  98 

measurements  that  the  rigidity  of  the  elastic  couplings  amounts  on 

p 

the  average  to  7400  kg/cm  ,  and  the  frictional  force  per  unit  length 
of  the  pressure  plate  is  related  to  the  nut  tightening  torque  M  in 
the  following  manner: 

*  =  20ir. 

The  value  of  the  dissipated  energy  was  calculated  by  the  oscillo¬ 
grams  of  free  damped  vibrations.  Figure  99  shows  theoretical  and  ex¬ 
perimental  dependencies  of  the  dissipated  energy  on  twice  the  load 
amplitude,  obtained  by  Plan. 

As  can  be  seen,  the  experimental  data  verify  the  theory  very  well. 
§17.  STRUCTURAL  DAMPING  IN  A  RIVETED  THIN- WALLED  BEAM 

Earlier  (§  7)  we  have  considered  the  purely  frictional  scheme  of 
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the  structural  damping  problem  in  a 
thin-walled  beam.  It  was  assumed  there 
that  the  rivets  connecting  the  v;eb  to 
the  rods  (standards  and  flanges)  only 
ensure  pressing  the  web  to  the  rods 
and  do  not  resist  relative  slip  of  the 
web  and  the  rods  due  to  the  fact  that 
the  rivet  blanks  are  seated  in  the  holes 
with  a  positive  allowance. 

In  the  present  section  we  will 
approximately  take  into  account  the 
elastic  resistance  force  which  is  ex¬ 


erted  by  the  rivets  on  the  displace¬ 
ments  of  the  wall  relative  to  the  rods.  As  in  the  preceding  sections, 
we  will  assume  that  a  homogeneous  elastic  layer  between  the  Joined  ele¬ 
ments  has  replaced  the  rivets.  This  layer  exert3  a  resistance  to  the 
slip  of  the  Joined  components,  proportional  to  the  relative  displace¬ 
ments. 


« 


Pig.  100 


Let  us  consider  a  single-panel  thin-walled  beam  shown  in  Pig. 
100a.  Since  all  the  seams  are  subject  to  the  same  conditions,  it  is 
sufficient  to  consider  a  seam  element  of  unit  length  (Pig.  100b).  As 
can  be  seen,  the  contact  region  where  the  web  is  compressed  between 


« 
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r 


the  angle  bars  forming  the  flange  Is  of  width  a. 

The  tangential  forces  £  in  the  beam  web  are  determined  by  the 


formula 


«P 

«--r 


(17.1) 


If  the  beam  is  multi- pane lied  and  several  forces  aP  act  on  one 
side  of  the  section  under  consideration,  then  the  transverse  shear 
force  should  be  substituted  into  Formula  (17. 1). 

The  tangential  forces  in  the  web  increase  with  an  increasing 
load.  As  a  result,  shear  takes  place  also  in  that  section  of  the  web 
which  is  compressed  between  the  rods.  This  shear  results  in  slip  of 
the  web  relative  to  the  rods.  If  we  discuss  Pig.  100b,  then  slip 
starts  in  the  upper  part  of  the  contact  region  and  is  propagated  down¬ 


ward. 


-V_J 


Let  us  consider  the  equilibrium  and  de- 
u  £j-  formations  of  a  web  element  (Fig.  101), 

/  isolated  in  the  slip  zone.  The  element  is 

iT  jLsZ  sLk 

* .  -  f  „ . . ff  subject  to  the  action  of:  tangential  forces 

r  i  vi 

W"  u  -  *  qy  in  the  section  where  y  =  const.,  fricticn- 

"  al  forces  and  elastic  rivet  reaction  forces. 

Fig.  101 

Let  us  refer  the  frictional  forces  Tq  and 
the  rivet  reaction  forces  c\x  to  unit  contact  surface.  The  quantity  £ 
is  the  rigidity  coefficient  of  the  plastic  layer  which  replaced  the 
rivets.  Projecting  the  forces  applied  to  the  element  on  the  x-axls,  we 


Fig.  101 


will  get 


(17.2) 


The  multiplier  2  of  tq  takes  into  account  the  two-sided  contact 
between  the  web  and  the  flange  and  u  is  the  displacement  of  the  web 
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relative  to  the  flanges  In  the  contact  zone. 

The  shearing  strain  In  the  web  is  equal  to  7  =  uu/dy.  Utiliz¬ 

ing  Hooke’s  law,  we  will  get 

(17.3) 

dy  «• 

Here  6  Is  the  web  thickness  and  G  is  the  shear  modulus,  ^rom  (17*2) 
and  (17-3)  we  will  obtain  the  differential  equation 


where 


2* 
Gt  ’ 


The  solution  of  Eq.  (17*4)  has  the  form: 

u  «  At  ch  Pf  +  A  Py  —  2S . 


Then  from  (17.3): 


ft  —  =  pCfr  (A,  sh  Pj  -f  ch  JJy) . 


(17.4) 


(17.5) 


(17.6) 


(17.7) 


Let  us  turn  to  the  first  loading  stage  when  a  varies  from  zero 
to  unity.  Let,  for  a  certain  value  of  the  coefficient  a^»  when  the 
tangential  forces  in  the  web  reach  the  value  q1,  the  slip  have 
spread  to  zhe  width  a^  (Fig.  102a).  The  x-axis  will  be  directed  along 
the  lower  boundary  of  the  slip  zone.  Then  u  =  0  and  q-^y  =  0 


for  y 


Fig.  102 


0.  Under  these  boundary  conditions  we  will  find  from  (17*6) 
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and  (17.7) 


Consequently,  the  displacements  and  tangential  forces  in  the  slip 
region  are,  during  the  first  loading  determined  by  the  formulas 


1).  (17-8) 

9tr~  nr  (17*9) 

The  diagrams  of  quantities  qly  and  uly  arc  shown  in  Pig.  102b  and  c. 
For  y  =  a^  the  tangential  forces  q^  =  q^.  Prom  this  condition  and 
from  Formula  (17-9)  we  can  find  the  width  a^  of  the  slip  zone: 

(17.10) 

2t# 

In  particular,  the  displacement  of  the  upper  edge  of  the  contact 
region  will  be  determined  from  (17-8)  If  we  set  y  *  a^.  We  will  get 

=  ~~  (cn Jia,  —  1).  (i7.ll) 

c 


For  a.^  =  a  the  slip  will  spread  to  the  entire  width  of  the  contact 
surface.  We  subsequently  assume  that  the  load  coefficient  a  =  1  corres¬ 
ponds  to  this  case. 

Let  us  now  consider  the  unloading  stage,  when  the  force  in  the 
web  changes  from  q.^  to  q2.  As  the  load  decreases,  slip  will  occur 
in  a  direction  opposite  co  that  of  the  loading  stage.  This  slip  will 
also  start  from  the  top  and  will  spread  downward.  For  q2  the  width  of 
the  reverse  slip  zone  will  be  a2  (Fig.  103a).  Dependencies  (17.6)  and 
(17.7)  remain  valid  in  the  reverse  slip  zone,  it  is  only  necessary  to 
change  the  sign  of  tq,  i.e.. 


11*  =»  A%  eh  $y  4-  Bt  A  Pjr  +  —*■ . 
ftr  =  p  Gl  (A,  sn  fly  + 


(17.13) 
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In  these  equalities  ai  “  a2  ^  y  £  a^. 

The  constants  of  integration  A2  and  are  determineo  from  the 
conditions  that  the  displacements  are  u2y  =  u^y  and  the  tangential 
forces  q^y  -  q^  at  the  edge  y  =  a1  —  a2  separating  the  first  and 
second  slip  zones.  Performing  the  necessary  calculations,  we  will  get 


=  -  2  »l«  ^ 


/is  =  ill  sb  p  (a,  -  a,) . 


(17.14) 


Consequently,  in  the  reverse  slip  zone 


"V  “  H  +  eh  Py  —  2  tl»  («!  —  a,  — y)1 , 
Mi  pjr  -f  2sh  £  (a,  —  at  —  *)] . 


(17-15) 

(17-16) 


The  width  a2  of  the  reverse  slip  zone  will  he  found  from  (17-16) 
and  the  condition  that  =  qQ2  [sic]  for  y  =  a^.  Taking  into  account 
Equality  (17.10),  this  gives 


d.  i«;  =  1  /a  -  aj  =  £1  *  r_<?>  (17.17) 

If  a2  =  a,  then  reverse  slip  will  embrace  the  entire  width  of  the 
contact  region,  a  =  -  1  corresponds  to  this  case. 

The  displacement  of  the  upper  edge  of  the  contact  region,  where 
y  =  a^,  during  the  unloading  stage,  -will  be 

u,  =  2*5!  (i  +  cU ?fll  _ 2ch ?o,).  (17-18) 

As  can  be  seen,  on  full  unloading,  when  q2  =  0,  the  system  aces 
-ict  return  to  its  original  state.  The  residual  displacements  at  the 
upper  edge  will  be 

u,(0)  =  +  chpa,  -2 

Let  the  load,  having  reached  a  certain  smallest  value,  for  which 
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the  force  In  the  web  is  equal  to  q0,  begin  to  increase  anew.  Together 


with  the  increase  in  the  load  slip  of  the  web  will  occur  in  the  sane 
direction  as  during  the  first  loading.  Referring  to  Fig.  100b,  this 
slip,  starting  from  the  top,  will  spread  downward.  When  the  force  in 
the  web  reaches  a  certain  value  q^  the  width  of  slip  reaches  the  val¬ 
ue  (Pig.  104a). 
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Fig.  103  Pig*  104 

Dependencies  (17-5)  and  (17.6)  remain  valid  in  the  secondary  slip 
zone,  l.e.. 


u*  =  ,4,  chPy-f  ft  ?bpy — 

(^»  sb  Py  +  ft  d»  py). 


Constants  and  will  be  fcrind  from  the  conditions  that  u^  = 

U3y  =  q3y  for  y  =  ai  ~  a3*  Performing  the  necessary  calcula¬ 

tions,  we  will  find 

1 1  +  2  ch  p  («,  -  a.)  -  2  ch  p  (a,  -  . 


ft  -  ^  1  d>  p  fa  —  «,)  —  J.  p  (a,  -  *)) . 


Then  the  displacements  and  the  forces  in  the  web  sections  in  the  zone 
y  £  a2  —  a^  will  be 


«„  =  ?>(_l  +  clPy  +  2diP(«1-a,-y)-2cbP(«1-at-.y)I,  (17-19) 

c  _  . 

lit  —  Ish  Py  -  -  2  sh  p  («j  —  «*  —  y)  +  2  *h  p  («,  —  —  y)| .  (17.20) 
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Diagrams  of  the  quantities  q^y  and  u^y  are  shown  in  Fig.  104b  and  c. 
These  same  figures  show  the  character  of  the  force  and  displacements 
distributions  in  the  slip  zone,  when  the  tangential  forces  in  the  web 
vary  within  the  limits  q1  >  q^  >  q2* 

The  width  of  the  secondary  slip  zone  will  be  found  from  the 
condition  that  q^y  =  q^  for  y  =  a^.  Utilizing  Equalities  (17.10)  and 
(17.17),  ttfe  will  get 

8,1  ?»»-  (17.21) 

The  displacements  at  the  upper  edge  of  the  contact  region  (y  = 
a-^)  are  determined  by  the  formula 

1  4-  ch  pa,  -}  2  cb  £a,  —  2  ch  pa,).  (17.22) 

It  can  be  easily  seen  that  for  a^  =  0  Equality  (17*22)  coincides 
with  (17.15).  If  a3  =  a2  then  the  reverse  slip  zone  disappears  and 
Equality  (17*8)  is  obtained  from  (17*22). 

A  hysteresis  loop  the  area  of  which  is  proprotional  to  the  energy 
irreversibly  absorbed  by  unit  seam  element  during  one  loading  cycle 
is  presented  in  Pig.  105*  The  displacements  of  the  upper  edge  of  the 
contact  region  are  laid  off  on  the  abscissa  axis  and  the  load  coeffi¬ 
cient  a  —  on  the  ordinate  axis.  Curve  1  corresponds  to  the  first  load¬ 
ing  and  represents  Dependence  (17*11),  curve  2  corresponds  to  the  un¬ 
loading  stage  and  Equality  (17* 18),  curve  3  describes  the  displacements 
on  the  renewed  loading  stage,  determined  by  Formula  (17.22). 

The  energy  absorbed  by  unit  seam  element  during  one  loading  cycle, 
when  the  load  coefficient  varies  between  the  limits  r  _<£  a  <[  1,  is  cal¬ 
culated  by  the  formula 

1 

***  —  —  u>)  * . 
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4  mm  « •  O w»/\«w  f  1  *7  1  1  \  a*»^I  <i 

uuuo  v  xouu  xii^  lie x  c  vtQ  ^  ^  viu  ^  x  |  0  xx  /  a**vi 

from  ( 1? . 22 )  and  performing  the  necessary  cal¬ 
culations,  we  will  get: 

r1^!(YP.-lu|r/>.-rrT^.]}.  (17.23) 


where 


Y  -  : 


JL 

2r.ff 


(17.24 


Energy  absorbed  by  a  seam  element  of  length 
lgh  will  be  obtained  by  multiplying  ^  by  3^-n* 
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Chapter  6 

THREADED  AND  SLOTTED  JOINTS 
§18.  THE  ELEMENTARY  PROBLEM 

In  order  to  analyze  the  energy  dissipation  attendant  to  the  load¬ 
ing  of  a  threaded  joint,  it  is  first  necessary  to  consider  the  follow¬ 
ing  auxiliary  problem.  A  thin  disk,  bounded  by  two  parallel  planes  and 
two  conic  surfaces  (Fig.  106),  is  loaded  by  a  system  of  normal  stresses 
and  oY  +  uniformly  distributed  along  the  disk  base. 

The  following  simplified  assumptions  will 
be  utilized  in  the  subsequent  analysis  of  the 
deformations  and  displacements;  their  conven¬ 
ience  and  nature  will  become  clear  below,  when 
we  will  speak  about  the  deformation  of  a  bank  of 
similar  disks.  We  shall  assume  that  the  disk  is  pressed  only  to  the  low¬ 
er  conical  rim  surface;  the  normal  reactions  £  and  the  tangential  fric¬ 
tional  forces  which  are  assumed  to  be  uniformly  distributed  along 
the  entire  bearing  surface,  arise  along  this  surface.  We  shall  further 
assume  that  the  disk  does  not  bend  and,  therefore,  disk  be^es  which  were 
plane  before  loading  will  remain  plane  also  after  loading.  Finally,  we 
shall  assume  that  the  system  of  support  reactions  results  in  compression 
of  the  disk  in  the  radial  direction  constant  along  its  entire  thickness; 
it  is  understood  that  the  normal  stresses,  given  at  the  disk  base,  will 

also  exert  an  influence  on  this  compression. 

Reactions  £  are  determined  from  the  condition  of  equilibrium  of 
the  entire  disk 


% 


Ml  11 1111111.1 


rrnmrnr% 

Fig.  106 


_ Ao»  2r»  ^ 

P  ~  Ax  lg  P  4-  / 
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(13.1) 


where  rn  is  the  mean  radius  of  the  tapered  surface  of  the  disk. 


The  average  stress  along  the  disk  thickness,  <jr,  amounts  to 


(18.2) 


Let  us  now  find  the  disk’s  radial  deformation,  caused  both  by  the 


stress  a  as  well  as  by  the  stress  cr  : 

A 


=  °r  (*  —  t*)  _  Pjt  —  —H)  P**m 


(18.3) 


The  mean  radius  of  the  disk  changes  as  a  result  of  the  radial  de¬ 


formation;  the  absolute  value  of  this  change 

—  /**»<*  — 1»)  . 

ar#  =*  —  «r  u - 2£ - +  ~£~ 


(18.4) 


This  lessening  of  the  disk  radius,  in  turn,  is  the  factor  causing  the 


disk  to  be  d  Placed  in  the  direction  of  the  x-axis : 


At,  prm(l  —  flg9)Q—  p)  | 

t*  ft  —  2£lf  p 


(18.5) 


It  should  be  noted  that  the  displacement  of  the  disk  depends  on  the 
value  of  ax  (the  second  component ) ,  as  well  as  on  the  value  of  Aax  (the 
first  component) ,  in  the  terms  of  which  the  pressure  £  is  expressed  in 
accordance  with  Formula  (18.1). 

Let  us  now  consider  the  disk's  unloading  process.  The  beginning 
of  this  process  is  quite  unique.  As  soon  as  the  external  load  on  the 
disk  begins  to  decrease,  a  decrease  of  the  frictional  forces  along 
the  bearing  surface  will  also  occur.  Since  the  new  values  of  the  fric¬ 
tional  forces  are  smaller  than  the  limiting  value  ^>,  slip  of  the 
disx  becomes  impossible  and  rigid  coupling  of  the  disk  with  the  rim 
will  occur.  The  change  of  external  forces  during  this  loading  stage  is 
not  accompanied  by  any  displacements  of  the  disk.  This  is  shown  in 
Fig.  107.  The  frictional  forces  are  here  smaller  than  the  limiting 
value  f£  and  are  related  to  the  reactions  £  by  the  condition  of  con~ 
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Pig.  107  Pig.  108 

stancy  of  the  disk’s  radial  deformation. 

As  the  load  is  decreased,  the  frictional  forces  will  also  de¬ 
crease,  change  their  sign  and,  finally,  will  again  reach  their  limit¬ 
ing  value  fp,  which  will  signal  the  beginning  of  reverse  slip;  the 
loads  on  the  disk  during  this  new  stage  are  shown  in  Pig.  108.  The 
following  group  of  expressions,  replacing  Relationships  (l8.l)  — 
(I8.5)  of  the  first  loading  stage,  corresponds  to  this  stage: 


-  A®,  r, 

P  A*  '  1 gl-f 

(18.6) 

«r  (1-h/tgP); 

(18.7) 

.  _  #*<l-*-/!*P)<i-u)  ft®* 

V  2 E  E  ' 

(18.8) 

a_  pr»Q  +  /<g?)(l  — j*>  .  W*  . 

•  2 E  £  ’ 

tr  _  (1  +  /  tg ?)  (l  —  i*)  .  i*.vr* 

2£tgJJ  £tgp  * 

(18.9) 

(18.10) 

The  expressions  presented  above  can  be  obtained  from  Relationships 
(l8.l)  —  (18.5)  by  simple  change  of  signs  of  the  friction  coefficient 

4* 

A  . 

Having  solved  this  elementary  problem,  we  can  pass  on  to  the  so¬ 
lution  cf  the  basic  problem  of  the  present  section  about  energy  dissi¬ 
pation  in  a  threaded  Joint  (Fig.  109).  This  Joint  can  be  regarded  as 
an  ensemble  of  a  large  number  of  disks,  situated  in  an  elastic  rim 
nut;  here  each  disk  will  represent  a  simplified  schematic  of  one  turn 
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of  the  holt  thread.  For  a  quite  large  number  of  turns  it  is  natural  to 
make  a  limit  transition  and  to  regard  the  threading  as  consisting  of 
an  infinitely  large  number  of  infinitesimally  thin  disks:  this  approach 
has  received  widespread  application  in  threaded  Joint  calculations 
(see,  for  example,  the  Reference  by  I. A.  Birger  [3])**  For  the  sake  of 
simplification  of  our  calculations  we  will  assume  that  the  nut  is 
completely  rigid,  which  will  make  it  possible  to  most  clearly  expose 
all  the  substantial  peculiarities  of  the  problem’s  solution.  The  case 

when  the  elasticity  of  the  bolt,  as  well 
— S.  i  >'  as  the  nut,  is  taken  into  account  is  con- 

sidered  in  Article  (15l. 


Ill  IH- 


tc'*P 


Making  a  limit  transition,  we  will  ob¬ 


tain  instead  of  (18.1) 

*• 

*~'2Ttgp+r 


(18.11) 


Fig.  109 


Tnen  Expression  (18.5)  will  take  on  the 


fora 


«8(»— !■)«»  ■  Wl 

2felf  pQcfi+/)  +  (18,12; 


Correspondingly,  the  derivative  of  u  in  respect  to  x  is 

2£»gf}it5$+/)  -nor 


(18.13) 


On  the  other  hand,  we  should  also  have 


“  -  t,  -  £  £ 


Ox  2 tux,  0*  .  ?tfW 

£  £  ~  £  ^  £ 


35.4  Hfr (*—/*« ft) * 
E "*  E(  igp+f) 


(18. 14) 


Equating  (18. 13)  and  (18.14)  we  will  obtain  the  fundamental  equation 
of  the  problem  for  the  first  loading  stage: 


«*  +  OOm  —  b  a,  xm  0. 


(18.15) 


The  notations  used  here  are: 
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lg»  P) 

M<  -/«gp)<i  —  r)  * 


b  --- 


•»  •-  fi  /i»  O  _l. 


A 

n 


'i(»-/tg  P)(i-n) 


(18.16) 

(18.17) 


The  solution  of  this  equation,  subjected  to  the  boundary  conditions 


has  the  form 


eM  —  0 
mP 

O M  —  ~ 


for  z  =  0, 
for  ■*  —  H, 


“  13  "  «8  H - 

9  e  *  *  jlTZ'+tt 

Substituting  (18.18)  into  Expression  (18.12)  and  then 
we  will  find  the  displacement  of  the  end  section  as  a 
applied  force 


(18.18) 

setting  x  =  H, 
function  of  the 


...  —Li 

*£tgP|^  4(t*P  +  fl  J  *• 


(18.19) 


Expression  (18. 19)  describes  the  joint’s  loading  process;  this 
process  is  illustrated  by  the  straight  line  1  in  Pig.  110.  The  dis¬ 
placement  u  at  the  beginning  of  the  loading  process  remains  constant 
up  to  the  time  when  the  frictional  forces  change  sign  and  reach  the 
limiting  value  f£  (see  segment  2  in  Fig.  110).  The  subsequent  process 
will  be  described  by  new  equations,  which  can  be  obtained  as  before 
by  a  limit  transition  in  Expressions  (18.6)  and  (18.10).  We  will  then 
obtain  the  previous  Expression  (18.15),  but  with  different  values  of 
the  coefficients 


fr/tf+«g*P) 

^  ^f+/««p)( i-i*r 


(18.20) 

(18.21) 


f 
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These  expressions  can  be  obtained  directly  from  Relationships  (18.16) 
and  (18.17)  by  changing  the  sign  of  the  friction  coefficient  f.  Con¬ 
tinuing  further  in  the  same  manner,  we  will  arrive  at  a  new  expression 
for  u  which  differs  from  (18.19)  only  by  the  sign  of  f.  Ray  3  in  Pig. 
110  Illustrates  the  last  stage  of  the  loading  process.  The  triangular 
hysteresis  loop,  formed  by  segnents  1,  2  and  3,  pertains  to  a  pulsating 
cycle.  The  area  of  this  loop  is  equal  to 


where 


=  +  (18'22> 


*0— —  v) 

|i(4lgP  +  /) 

r«  (1  *♦*  /  tg  P)  (1  —  ji)  / 

V *?+«!  ,\ 

(18.23) 

M4tg0  +  /)  L 

The  center  line  in  Pig.  110  corresponds  to  the  case  when  no  hys¬ 
teresis  losses  exist  in  the  system. 

Consideration  of  a  cycle  with  any  other  asynmetry  characteristic 
will  not  present  any  fundamental  difficulty. 

§19-  THREADED  JOINTS 

The  preceding  section  was  devoted  to  the  consideration  of  a 
simplified  scheme  of  a  threaded  joint,  with  the  nut  regarded  as  abso¬ 
lutely  rigid.  Here  we  consider  typical  threaded  Joints  and  we  take 
into  account  the  finite  rigidity  of  the  nut.  Pigure  111  shows  three 
schemes  of  threaded  Joints:  bolt  —  nut,  bolt  —  tumbuckle  and  bolt 
—  sleeve.  The  most  widespread  type  of  a  threaded  Joint  Is  the  bolt  — 
nut  Joint  (see  Pig.  111a),  and  we  shall  therefore  clarify  the  peculi¬ 
arities  of  the  cyclical  loading  process  of  a  threaded  Joint  with 
triangular  threads  on  an  example  of  this  „oint  type. 

The  displacement  of  an  infitesimally  thin  disk  can  be  determined 
if  limit  transition  is  performed  in  Expression  (18.6)  of  the  preceding 
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section,  i.e.,  if  expression  Aalx/Ax  is 
replaced  by  its  derivative  dalx/dx.  This 
approach,  obviously,  does  not  make  it  possi¬ 
ble  to  take  into  account  the  effect  of  the 
local  bending  deformation  of  the  thread  pro¬ 
file  on  the  force  distribution  between  the 

threads . 

After  limit  transition  is  performed,  the  displacement  of  the  bolt 
section  which  is  removed  from  the  origin  of  coordinates  by  the  distance 

x  (Pig.  112),  for  the  loading  stage,  can 
be  determined  by  a  formula,  following 
from  (18.12): 


„  _  /{*»«»*  .  r. 

“-pr+-«rjig?- 

'2**  doix 


(19.1) 


2 4x 

.  /  sin  £  —  cos  £  .  1  —  }i, 

where  "•  >  clx  and 


J2x 


are  the  normal  stresses  in  the  x 


section  of  the  bolt  and  the  nut,  jjl^,  up,  and  Eg  are  constants  of  the 
bolt  and  nut  materials  and  rQ  is  the  mean  radius  of  the  thread. 

The  normal  forces  in  the  belt  and  nut  sections  will  be  equal, 
respectively,  to  crlT.P1  and  c^Pg-  We  find  from  the  condition  of  equili¬ 
brium  of  that  part  of  the  joint  situated  between  the  origin  of  coordin¬ 
ates  and  the  given  section,  that 

=  (19.2) 

Expressing  the  cross-sectional  areas  of  the  bolt  and  the  nut  in 
terms  of  the  known  thread  diameters  and  of  the  equivalent  nut  diameter, 
we  will  obtain  a  relationship  between  the  stresses  in  the  bolt  and  nut 

sections  in  the  form  ft 

-i0**’  (19-3) 
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where  r  is  the  equivalent  nut  radius.  Relationship  (19*1)  for  the 


loading  stage  will  now  take  on  the  form 


rjt  rlkm 

l«p  '*  2I*P  *  ' 


(19.4) 


where 


I  —  Hi  _(  ^  Ht 

The  displacement  of  this  section  for  the  unloading  stage  will  be 


determined  by  the  formula 


where 


u~^La,  ^  da» 

W  21**“*“’ 


/  sin  p  +  to*  | 


(19.5) 


/  cos  8  —  p 


The  above  expressions  for  u  should  be  transformed  in  such  a  manner 

as  to  obtain  the  dependencies  of  the  displacement 
-j  °1  ,  y7» — y  on  the  current  value  of  the  load  oP,  which  are  of 

'  “f  S  '  %  interest  to  us.  For  this  it  Is  necessary  to  tales 


into  account  the  fact  that  relationship 


(19.6) 


where 


Fig.  112 


°*  p  —  cos  0)  - 


(19.7) 


exists  between  the  stresses  and  the  longitudinal  deformation  of  the 
bolt. 

Keeping  in  mind  that  =  du/dx,  we  will  obtain,  according  to 
(19.4),  for  the  loading  stage 

V  rfau  *j*m  &Qu 
*u  ~  tg  P  rfx  2  If  p  ”3? 
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« 


Replacing  now  a  li.  the  right-hand  side  of  (19-6)  by  its  expression 
(19*7) ,  we  will,  after  limit  transition,  obtain  the  basis  equation  of 
the  problem  for  the  loading  stage 

On  —  ao,  -r  b  os  = '  0,  ( 19  •  8  ) 


where 


2(lEt  -r  utm  tg  ?) 


b  = 


2lgfr 

mlalEt 


(19.9) 


a/> 

Under  the  boundary  conditions  ~  0,oM(ti)  •  the  solution  of  this 

wo 

equation  will  take  on  the  form 


ax  (x)  = 


xP 


t  V  sh  jl'  «s-f“44 

*  2  sh  —  Vlu  j_  44 

* 


(19.10) 


Here  H  is  the  length  of  the  engaged  parts  of  the  bolt  and  the  nut 
threads  (the  height  of  the  nut).  Relationship  (19-10)  determines  the 
normal  stress  distribution  along  the  bolt  sections  during  the  loading 
process.  It  should  be  noted  that  this  distribution  is  substantially 
dependent  on  the  friction  coefficient  f ;  this  circumstance  is  important 
not  only  in  the  determination  of  hysteresis  losses,  but  also  in  strength 
calculations  of  threaded  joints. 

Utilizing  (19.4)  and  (19-10),  we  will  obtain  the  displacement  of 
any  section  as  a  function  of  the  load: 


U  (a,  X)  —  xP- 


mk 


|a  sb  a1  ~r  4b  —  4 b  ^  a3  4*  ^Je 


ms 

2 


4srtg£ 


+  «P 


*H  ff 

y  Y^TTb 

_«  ,  X  _ 

4  e  2  sh2V^^4b 

Ttr.tgjj  _ r 

e  2  V  a*  +  4* 


(19.11) 


Substituting  here  x  =  H.,  we  will  find  the  dependence  of  the  displacement 
of  the  section  to  which  the  load  is  applied  on  the  dimensionless  load 
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parameter  in  which  we  are  interested: 


“  (••  W  |a  ~  M  l,8  2  \a*  t  4fcJ 


mPi 


(19.12) 


Let  us  note  that  the  displacement  of  the  section  r.  =  0,  to  which 
no  load  is  applied,  is  not  equal  to  zero,  i.e.,  u(a,  0)  -/■  0.  This  means 
that,  for  any  as  small  as  desired  value  of  the  load,  the  bolt  and  nut 
interaction  is  realized  simultaneously  along  the  entire  length  of  the 
engaged  part  of  the  thread. 

The  basic  solution  of  this  problem  for  the  unloading  stage,  when 
reverse  slip  between  the  thread  turns  appears,  can  be  obtained  from 
Eq.  (19-8)  by  changing  the  sign  of  the  friction  coefficient  f.  The  co¬ 
efficients  of  the  new  equation 


r  _  2  (&t  +  P)  .  2  tg  ft 

EjvJt  *  tl£tmk ' 


(19.13) 

The  dependence  of  the  displacement  on  the  loading  for  this  stage 


It  (r,  jr)  as  */* 


nk 


(.  ^?+5 -|f?+a*yf? +«)<' 


CM 

X 


— ar — ir 

C  T  si-jV  <*  +  4 4 


*  * 


(19.14) 


The  displacement  of  the  bolt's  end  section  with  the  coordinate 
x  =  H  (the  load  is  applied  to  this  section)  is  determined  by  the  for¬ 
mula 

The  displacement  of  section  x  =  H  when  the  bolt  is  loaded  by  a 
pulsating  load  is  thus  described  by  three  different  analytic  expressions; 

1)  by  Dependence  (19.12)  during  loading; 
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2)  by  the  dependence  u(a,  H)  =  const  immediately  after  the  commence¬ 
ment  of  unloading,  as  long  as  rigid  coupling  between  the  bolt  and  nut 
threading  takes  place; 

3)  by  Dependence  (19-  19)  in  the  subsequent  unloading  stage.  The 
graph  of  this  dependence  coincides  with  that  presented  in  Pig.  110. 

It  can  be  seen  from  this  figure  that  the  shape  of  the  hysteresis  loop 
is  triangular;  the  area  of  the  loop  is  equal  to: 


// 


hmr.ya*  4 6 cth ~  JV  r  4?:  -f-  4Sr-  m  tg  $  -j-  l 

i  £j 


U  , 


knr9  J'c2  -f  4rf  cth  —  [  tr  -r  '*d  —  yr-  a  tg  p  -f  l 


(19-16) 


The  hysteresis  loop  for  a  cycle  with  the  arbitrary  characteristic 

r  =  P  .  /?  „  has  the  form  of  a  trapezoid.  The  commencement  of  the  re¬ 
nin  max 

newed  loading  is  accompanied  by  rigid  coupling  of  the  thread  turns 
along  the  contact  surface;  therefore  the  beginning  of  this  stage  on 
the  force  —  displacement  graph  (see  Fig.  110 )  also  appears  as  a 
vertical  sequent  (dashed  line).  The  area  of  the  hysteresis  loop  is  de¬ 
termined  by  *  .ie  formula 


V  - 


4^(8= 


(19-17) 


where 


A  =  4f~Vgl>  (  “'4iclhT^cI 

11  t 

-f  46  cth  —  j'«*  -f  46  4-  ma  —  nel . 
m  l1 a-  46  ctli  ]faz  -j-  46  —  am  4-  ~~ 

.  _ 2_ _ El 

n  }[<*  +  4d  cth  ~  yi*  4rf  —  cn  -i-  ~ 

m  Km  | 


(19-18) 
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The  dependence  of  the  area  of  the  hysteresis  loop  on  the  friction 


coefficient  f  for  a  pulsating  cycle  is  shown  in  Pig.  113 . 

The  calculations  were  performed  for  a  steel 
bolt  with  an  M20  metric  thread  for  a  nut  of 
normal  height.  The  maximal  value  of  the  load 
was  taken  as  being  p  =  1000  kg.  It  can  be 
seen  from  the  graph  that  there  exists  an  op¬ 
timal  value  of  the  friction  coefficient  for 
which  the  energy  dissipation  is  greatest. 

There  is  little  dissipation  for  small  values  of  f,  since  the  frictional 
forces  are  not  great;  jamming  of  the  threads  (rigid  coupling)  takes 
place  for  large  values  of  the  friction  coefficient. 

The  bolt  —  tumbuckle  nut  Joint  is  another  type  of  a  threaded  joint. 
The  schematic  of  the  bolt  —  tumbuckle  nut  Joint  is  shown  in  Pig.  114. 

The  bolt  and  the  tumbuckle  nut  expand  under  the  action  of  the  load. 

The  condition  for  the  equilibrium  of  that  part  of  the  joint  which  is 
situated  between  the  origin  of  coordinates  and  the  given  section  will, 
in  this  case,  be  written  in  the  form 


V«r*»*  a 


p| QiM  +  f|  —  *P» 


(19.13) 


where  F-^q.^  and  &2a2x' 


respectively,  are  the  normal  forces  in  the  bolt 
and  tumbuckle  nut  sections. 

The  equilibrium  condition  (19-19)  makes  it 
possible  to  establish  a  relationship  between 
the  stresses  q^  and  q^.  Expressing  the  areas 
in  terns  of  the  mean  thread  diameter  and  the 
equivalent  tumbuckle  nut  radius,  we  will  get 


Ou 


(19.20) 
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The  basic  solution  of  the  problem  for  the  loaainj  stage  is  written 
also  in  the  form  of  (19.8),  however;  the  equation’s  coefficients  should 
be  calculated  by  the  formulas 


2  /  Ht  sin 2p  -r /cot,  2ft  _  y,  r\  \  2tgP 

rtmk\Ex  (f cov p  +  sin p) tos p  E,  r\  —  rtf'  Exkrm\ 


(19*21) 


These  coefficients  can  be  obtained  for  the  unloading  stage  by  a 
simple  change  of  the  sign  of  friction  coefficient  f.  The  solution  of 
Eq.  (19-8),  satisfying  the  boundary  conditions 


ou  (0)  =  0  and 


*P 


is  written  in  the  form  of  (19.10). 

Utilizing  (19.4),  it  is  not  too  difficult  to  set  up  an  expression 

for  the  displacement  of  an  arbitrary  section 

“(*.*)  = 


«J» 


*1 a  A  +  |  +  4b) 


where 


4srlgp 

_ 


-*?  .  u 


*  ’  *  -sf  «■  +  « 
,  *ps 


(19.22) 


Uj 

*  =  J- 


^  rl-rl  Et 

The  displacement  of  the  end  section  to  which  the  lead  is  applied 


.  *  Pink  I  _  .  H  _ _  \ 

u  (*^)=  felgpj®  '  r?T5X  cth  y}^4-44  J+ 

.  *P* 

‘  —  if)  tgp^ 


(19.23) 


The  hysteresis  loop  for  cyclical  loading  with  a  cycle  having  an 
arbitrary  characteristic  has  the  shape  of  a  trapezoid,  the  sides  of 
which  are  formed  by  two  ray  segments  and  two  inclined  segments  parallel 
to  one  another  (Pig.  115).  The  parallel  segments  correspond  to  the  ini¬ 
tial  phases  of  the  loading  and  secondary  loading  cycles,  when  rigid 
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coupling  occurs  at  the  contact  surfaces.  We  disregard  the  inclination 
of  the  parallel  segments  In  the  calculation  of  the  hysteresis  loop  area. 


Pig.  115 


and  then  the  area  of  the  trapezoid  LQRS  Is  de¬ 
termined  by  Formula  (19.17),  in  which  coeffi¬ 
cients  A  and  E  are  expressed  by  the  following 
formulas : 


A  “  \  K  c*  +  u  - 

—  r%mk ]/a-  +  46  rth ~  IV  +  4 b-  - - 1  flQ  ) 

'  2  1  ~  A,  ($in*  ?  —  /*  cos*  £)  J  •'  ^  / 


The  bolt  —  sleeve  Joint  is  illustrated  in  Pig.  116.  The  bolt  ex¬ 
pands  under  the  action  of  the  external  load  and  the  sleeve  expands  with 
it-  The  computational  scheme  of  this  joint  is  similar  to  that  of  the 
bolt  —  tumbuckle  nut  scheme;  however,  certain  substantial  peculiarities 
do  appear  in  the  dissipatle.*- characteristic  calculation  for  this  Joint. 
The  basic  equation  of  the  problem  is  written  in  the  form  of  (19*8);  the 
coefficients  of  the  sought  function  and  its  derivatives  are  determined 
by  Formulas  (19.21).  The  solution  of  the  basic  equation  for  the  boundary 
conditions 

mP 

au  (2H)  =  —3 

*» 

has  the  form 

«u=*0«  T  A  -f  4i  -f  9J  •  (19.26) 
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Constants  D  and  ?  for  the  loading  stage  are  de¬ 


termined  by  formulas 


n 


*P  l’c2,u  :  >"•  ib/ZIV  i  46  -f  1 
w|”~  shll\/«-\  46 


.  sl«  //  V<r  +  46 

?  :  —  ,7— *  -  -  -  -  ,zir=— 

;  2r»*tbHftp  +  46 -f  1 


(19.27) 


and  the  coefficients  a  and  b  —  by  Formulas 
(19.21).  Formulas  (19.2?)  for  the  unloading 
stage  are  obtained  by  replacing  f  with  —  f . 

Now,  on  the  basis  of  (19.4)  it  is  not  difficult 
to  obtain  the  dependence  of  the  displacement  on  the  load 


u  <*, x)  =  dt  +  46  +  ?)- 

_ b  (f  jSr+T*  ?)| ”  :•  + 


+  "T 


•^(^l^TT6+9). 


(19.28) 


Relative  displacement  of  bolt  sections  situated  on  the  planes  of 
the  nut  ends,  u  =  u(a,  2H)  —  u(a,  0)  will  be  determined  for  the  loading 
stage  by  formula 


s  _j_  *I>km  |fl  x  -f-  4bmHa\ 

+'S¥?V  ‘  sh H  - ' 

and  for  the  unloading  stage  —  by  formula 

2xP*  .  xPLn  1^  y c*  -i-  4rf  sh  fftj 

11  ~  -a  te  ?  “  "STipT  v  ~  *7/  Y<?-r*ii 


09.29) 


(19-30) 


The  hysteresis  loop  for  a  bolt  and  sleeve  loaded  by  a  cyclical  load 
with  an  arbitrary  cycle  characteristic  has  the  shape  of  a  trapezoid 
(see  Fig.  115)*  The  area  of  the  hysteresis  loop  Is  determined  by  (19.17) 
however,  constants  A  and  B  have  new  values : 
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1  *  fm*r»  Kq~ 

"l>rt  }'c;  |-  'td  >ii  He  2f»j  / 1  jj  p 

>*h  //  A‘i  Mu*  P  -  /*  «>»*  P) 


(19. 31) 


tiikrt]'a*  +  AbfhHa  ^ _ _ 

fc_  AH}'  a*  +  Ab  +Et(rl~-rl)  £»  (sin  p -h  / cos p)  cos p 
nkrtV<*  +  *>dthHc  ,  wl  ■  W  * 

shtf|T?T4rf  +£J(^_,»)‘T£l(riiip-/cosp)c«p 

(19-32) 

Formula  (19.17)  for  the  area  of  the  hysteresis  loop,  for  the  cor¬ 
responding  values  of  quantities  A  and  B  entering  It,  determines  the 
Intensity  of  structural  damping  per  cycle  in  the  above  three  types  of 
threaded  joints. 

§20.  SLOTTED  CONNECTIONS 
(a  simplified  system) 

The  problem  of  energy  dissipation  In  slotted  Joints  arises,  fox- 
example,  In  conjunction  with  vibrations  of  turbine  buckets  with  an 
attachment  of  the  "fir-tree"  type  (Fig.  117);  similar  Joints  are  used 
In  fastening  of  gas  and  steam  turbine  buckets  and  also  for  fastening 
of  axial  compressor  buckets.  We  shall  subsequently  consider  the  prob¬ 
lem  of  a  bucket  attachment  acted  upon  by  a  variable  bending  moment  only. 
It  Is  assumed  for  the  sake  of  simplification  that  longitudinal  forces 
are  absent.  It  Is  obvious  that  this  consideration  can  provide  us  with 
only  the  most  general  theoretical  basis  fcr  the  calculation  of  energy 
dissipation  In  actual  turbine  bucket  attachments.  Let  us  consider  the 
following  auxiliary  problem.  A  thin  plate,  rectangular  in  plan,  with 
side  dimensions  2a  x  b  and  thickness  Ax  is  loaded  along  planes  parallel 
to  the  median  plane  by  stresses  ax  and  +  Ao^,  Independent  of  the 
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z- coordinate  and  varying  linearly  along  the  y-axis.  This  stress  system 


Is  statically  equivalent  to  two  couples  with  moments  M  and  M  +  $4. 

A  Jv  A 

The  plate  Is  supported  on  two  absolutely  rigid  bearing  surfaces  along 
Its  two  side  faces,  parallel  to  the  z-axis;  these  faces  foim  an  angle 


3  with  the  median  surface.  The  two  other  sides  of  the  plate  are  not 
loaded  (Pig.  118).  Normal  reactions  p^  and  p2  and  also  tangential  fric¬ 
tional  forces  p^f  and  p2f,  uniformly  distributed  along  the  bearing 
surfaces,  will  arise  on  the  bearing  surfaces.  It  follows  from  the  con¬ 
ditions  of  equlilbriran  that  =  p2;  consequently,  the  limiting  fric¬ 
tional  forces  are  also  equal.  We  shall  assume  that  surfaces  of  the 
plate,  plane  before  the  load  has  been  applied,  remain  plane  also  under 
the  action  of  the  external  forces  and  that  the  system  of  the  support  re¬ 
actions  results  in  an  uniform  compression  of  the  plate  in  the  direction 


of  the  y-axis;  deformation  of  the  plate  in  the  direction  of  the  z-axis 
is  taken  as  equal  to  0.  It  is  obvious  that  stresses  on  the  end  surfaces 
of  the  plate  also  exert  an  influence  on  the  plate's  deformation. 

Reactions  £  are  determined  from  the  condition  that  the  plate  is  in 
equilibrium  and  are  equal  to 


^ _ 1 _  AM 

^  lab  (cos  p  —  /  s»h  0)  Az  * 


(20.1) 


The  limiting  frictional  force  T  at  the  support  surfaces  has  the 
units  of  a  force  per  unit  length  of  the  loop  contour,  and  is  equal  to 


T=fp~ 


_ f _ AM 

'lab  (cos  0  —  /siu  0)  A* 


(20.2) 


Average  stresses  cry  along  the  plate  thickness  amount  to 

«  ~  -iff*-/  (20.3) 

'  lAb  (i  —  /  tg  0)  *  A*  * 

Average  stresses  az  along  the  plate  thickness  are  determined  by  Hooke's 
law  from  the  condition  ^  =  0.  Then  the  relative  deformation  brought 
about  by  the  stress  components  a,  ar  and  a  will  be  determined  by  the 
formula 

**—^1*'^  — 1**>  —  I*  0  +  (20.4) 


where  E  and  p.  are  the  modulus  of  elasticity  and  Poisson's  ratio  for 
the  plate  material. 

m 

The  absolute  deformation  of  the  plate  in  the  direction  of  the  y- 


axis  is  influenced  only  by  the  stresses  a  ;  therefore 


J  H  J  b£  1— /tg0  Az 


(20.5) 


As  a  result  of  the  fact  that  the  plate  is  compressed  in  the  direc¬ 
tion  of  the  y-axis  it  bee  ones  possible  for  the  plate  to  turn  relative 
to  the  base  as  a  rigid  body.  Slip  over  bearing  surfaces  between  the 
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plate  and  the  base  occurs  during  this  rotation. 

The  angle  of  rotation  of  the  median  plane  of  the  platr  on  loading 
is  detemined  by  the  formula 


tg  ft  -/  Ml 
2ab  (1  —  /  tg  p)  ‘  A/ 


(20.6) 


«  £ 

Let  us  note  that  this  angle  depends  only  on  the  increment  of  the  bend¬ 
ing  moment  and  is  independent  of  its  absolute  value. 

Let  us  now  consider  the  unloading  process,  the  commencement  of 
which  is  quite  peculiar:  as  soon  as  the  external  load  applied  to  the 
plate  begins  to  decrease,  a  decrease  in  the  pressure  at  the  bearing 
surface  takes  place  and  the  limiting  value  of  the  frictional  forces 
is  decreased.  However,  the  actual  value  of  the  frictional  force  during 
the  beginning  of  unloading  still  remains  smaller  than  uhe  limiting 
[value]  fj>;  this  makes  it  impossible  for  slip  to  occur,  since  rigid 
coupling  between  the  plate  and  the  base  takes  place.  The  change  in 
external  forces  during  this  unloading  stage  is  not  accompanied  by  any 
displacements  of  the  plate. 

As  the  load  is  further  decreased,  the  actual  value  of  the  frictional 
forces  becomes  equal  to  the  limiting  and  slip  again  begins  on  the  bear¬ 
ing  surfaces.  Slip  and  frictional  forces  have  directions  opposite  to 
those  which  they  had  during  the  loading  stage.  The  following  group  of 
expressions  corresponds  to  the  plate’s  unloading  during  this  new  stage 
under  consideration: 


P  = 


1 


A.W 


2 ah  fro*  ?  f/«u^)  Aj 


(20.7) 


tg  P  -f  /  Mi 
'1*  2 no  ft  -f  f  tg  P)  Ax 


(20.8) 


1  —  |i*  tg  P  -t-  /  MI 

9>~  2abE  '  ft  -f/tgP)  '  Ax  (20.9) 

The  beginning  of  the  new  loading  is  again  accompanied  by  rigid 
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cc-ipllng.  Only  after  the  actual  value  of  the  frictional  force  will  be- 
ccne  equal  to  the  limiting  and  slip  will  again  appear  on  the  bearing 
surfaces  will  the  loading  process  be  accompanied  by  rotation  of  the 
plate.  All  the  stages  of  this  process  are  repeated  successively  with 
a  cyclically  varying  load. 

In  solving  the  problem  of  energy  dissipation  In  a  slotted  joint 
of  the  "fir  tree"  joint  type  it  is  natural  to  consider  the  slotted 
root  as  an  assembly  of  plates.  In  the  case  of  a  sufficiently  large 
number  of  small  plates  it  is  natural  to  consider  the  joint  as  consist¬ 
ing  of  Infinitely  large  number  of  infinitesimally  thin  plates.  This 
approach  has  come  into  widespread  use  in  threaded- joint  calculations 
and  was  already  utilized  by  us  in  §§  18  and  IS. 

For  the  sake  of  simplicity,  let  us  first  consider  a  slotted  joint 
in  which  the  root  constitutes  an  elastic  prismatic  body  and  the  base 
is  absolutely  rigid.  Making  a  limit  transition,  we  will  obtain  Instead 
of  (20.1) 


_ J _  dX 

*  ~~  lab  p  —  f  sin  ?)  di  ' 


(20  10) 


where  a  and  b  are  the  dimensions  of  the  root  cross  section,  M  is  the 
bending  moment  in  section  x  and  3  and  p.  are  the  modulus  of  elasticity 
and  Poisson’s  ratio  of  the  root  material. 

As  a  result  of  the  limit  transition,  Expression  (20.6)  will  take 
on  the  fom 


l-H*  tg  P-/  dX 

*  E  '  2-6(1  -JtgP)  dx  ' 


(20.11) 


where  <p  is  the  angle  of  rotation  of  the  current  root  section.  The  mo¬ 
ment  M  is  related  to  the  angle  cp  by  the  known  relationship 


(20.12) 
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where  J  is  the  moment  of  inertia  of  the  root  section.  After  differen¬ 


tiation  of  (20.11)  in  respect  to  x  and  substitution  of  the  derivative 
into  (20.12),  we  will  obtain  an  equation  for  the  moment  M 


—  Xtv  =  0, 


(20.13) 


where 


J(  i-rHtg?-/) 


(20.14) 


The  solution  of  Ee.  (20.13),  subjected  to  the  boundary  condition:: 


for  y~0. 

.V(x)  =  0  for  x  =  *. 


(20.15) 


(h  is  the  root  length),  has  the  form 


(20.16) 


Taking  a  derivative  of  M(x,  a)  in  respect  to  x,  substituting  it  into 
(20.11)  and  then  setting  x  =  0,  we  will  obtain  the  angle  of  rotation 


of  the  initial  root  section  during  the  leading  stage 

o.  to  =  ILzjQL .  cu. 

2 Eab  1  —  /tg? 


(20.17) 


Rigid  coupling  between  the  root  slots  and  the  mating  base  takes  place 
during  tne  beginning  of  the  loading  phase,  and  therefore  the  rest  sec¬ 
tions  do  not  rotate,  i.e., 

_  tV  x)  _  <»  —  >-).*  *3-4-  .tli  ,UM . 

2 £V*  i  — /*g? 

The  angle  of  rotation  of  tr.e  first  root  section  after  slip  has  begun 
ane’--  will  be  obtained  from  Expression  (20.17)  "by  a  simple  cnange  of 
the  friction  coefficient  f  and  oy  replacement  of  the  constant  \  by  co. 


(20. IS) 


wnere 


2«*(l  +f  tgft)  (20.19) 

^(»g?+/)0  -k1) 


The  loading  and  unloading  process  Is  illustrated  in  Pig.  110  by 
rays  1,  2  and  3* 

The  area  of  che  hysteresis  loop  for  a  pulsating  cycle  Is  deter¬ 
mined  by  the  formula 


M' 


MU  i-tfX 
AEab 


tg  ?-/ 
1  —  /  tg  JS 


ctii  }.h 


> (tg  —  /)  (1  -f-/tgft)cUi>ir1 
-/‘g?)(tg?-f  /)clii  WiJ 


(20.20) 


§21.  A  SLOTTED  ATTACEMEWI*  OF  THE  "FIR-TREE"  TYPE 

Having  solved  the  simplified  system,  let  us  pass  on  to  the  consid¬ 
eration  of  the  problem  of  energy  dissipation  in  turbine  bucket  root 
attachments.  Of  all  the  different  forms  of  slotted  root  joints  we  will 
consider  only  multi-slotted  joints  of  the  "fir-tree"  type  with  the 
slots  having  a  straight  axis.  The  consideration  of  slotted  Joints  with 
a  curvilinear  axis  Is  more  complex,  but  possible  in  principle.  The  de¬ 
sign  of  a  fir-tree  attachment  involves  the  Idea  of  strength  equality. 
The  profile  of  the  slots  (see  Fig.  117)  is  similar  to  the  profile  of 
bearing  threads  and  th :  contour  of  the  root  has  the  shape  of  a  wedge 
(the  vertex  angle  of  the  wedge,  2cr  [sic],  varies  in  actual  turbine 
bucket  designs  between  the  limits  25  —  40°). 

Let  us  consider  a  bucket  root  element,  formed  by  two  parallel 
planes  normal  to  the  longitudinal  root  axis  and  removed  from  one  an¬ 
other  by  the  distance  dx. 

The  differential  relationship  between  the  normal  pressure  £  on  the 
element’s  bearing  surface  and  the  current  bending  moment  M(x)  has  the 
form  of  Dependence  (20.10)  of  the  preceding  section  (a  and  b  are  the 
dimensions  of  the  root  section),  here  a(x)  depends  on  the  coordinate 
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5 


h 


of  the  section  and  is  determined  by  the  dependence 


a  (r)  —  l.H  —  x)  tg  8 . 


foi  i  1 
\  *  -  / 


where  H  Is  the  height  of  the  root  wedge  (see  Fig.  119)  and  26  Is  the 
vertex  angle  of  the  wedge.  The  absolute  deformation  of  the  bucket  root 
element  is  determined  by  the  formula 

1 


*1 


hEx 


Ig  —  /  dM 
l“/tg?  '  dX  ' 


(21.2) 


where  E^  and  are  the  elastic  characteristics  of  the  root  material 
and  M  is  the  bending  moment  in  the  root  section. 

The  angular  displacement  of  an  element  of  the  bucket  attachment 
depends  not  only  or.  the  root  deformation  but  also  on  the  deformation 
of  the  turbine  runner  with  which  it  is  mated.  Regarding  a  single  pro¬ 
jection  on  the  runner  as  a  reversed  bucket  root,  loaded  by  an  external 
bending  moment  aM  in  the  root  section,  we  will  determine  the  absolute 
deformation  of  an  element  of  the  projection  by  a  formula  similar  to 
T21.2): 


.  2 

es  x 

(21.3) 

..  *g?-/ 

'*  1  -  /  tff  ?  "  dx  ’ 

where  E-  and  u..  are  the  elastic  constants  of  the  disk  material  and  2c 
a  d  — 

is  the  width  of  the  current  element  of  the  rotor’s  projection.  The 
relationship  between  the  quantity  c(x)  and  the  design  dimensions  of 
the  attachment  has  the  form 


c(x)^  l-(H  —  x)igl. 

where  21  is  the  spacing  at  which  the  buckets  are  seated  along  the  runner 
circumference. 

The  bending  moment  in  the  section  of  the  rotor’s  projection  is  de- 

\ 

teimined  by  the  formula 
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JUm(z)  =  *M-M(z).  (21.4) 

The  angle  of  rotation  of  a  bucket  element  Is  determined  by  the  formula 


or 


o  (x. «)  = 


A a  —  Ac 


(21.5) 


(Mg  ft  —  />  tg  ft  ii-ti  £jf)  1  /21  g\ 

If  we  assume  that  the  differential  relationship  (20.12)  Is  valid 

for  a  wedge-shaped  bucket  root  subject 
to  bending,  then  we  will  find  the  depend¬ 
ence  for  the  change  of  the  bending  moment 
along  the  root  length,  which  Is  of  Inter¬ 
est  to  us.  However,  in  the  utilization 
of  Relationship  (20.12)  we  should  keep 
in  mind  that  the  moment  of  Inertia  J  of 
the  wedge- she  3d  root  depends  on  the  x- 
coordinate.  Differentiating  (21.6)  once 
In  respect  to  x,  and  substituting  the 
value  of  d<p/dx  Into  (20.12),  we  will  ob¬ 
tain  the  differential  equation 


Pig.  119 


»-■£«,  J  «W_  S(l-/lfS>M 


r  Fa  (2f  2>J  «fe  ^tg?(tg  ?-/)!«? 
Into  which  the  new  Independent  variable 

z  —  a  —  (H  -- 1)  tg  B 


(21.7) 


(21.8) 

has  been  Introduced.  The  Just  obtained  equation  can  be  solved  by  classi¬ 
cal  methods.  However,  of  practical  Interest  is  the  case  when  the  elas¬ 
tic  properties  characteristics  of  the  rotor  and  bucket  materials  are 
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the  same,  E^  =  E^  and  Equation  (21.7)  is  considerably  simpli¬ 

fied  in  this  case  and  is  transformed  to  the  form 


d:i  d: 


>J/ 


0. 


(21.9) 


where 


_ :’<i  -he?) _ 


The  general  solution  of  the  last  equation  will  be  written  in  the  form 


M  -7  k  ,/3  (2  }  >-)  -  '  -^3  (2  \j  >-)]. 


(21.10) 


where  1^  and  are  the  Bessel  functions  of  the  imaginary  argument  and 
and  are  constants  of  integration  which  will  be  determined  from 
the  boundary  conditions 

M  (2)  =  for  -  =  //  tg  (21.11) 

J/(2)  =  0  for -  =  (W-A)tgJ 

in  the  form 


Ct  = 

(U tg*f  *  A,  (2  V?.  (H  -  »)  *)  *M  _ 

(2j,X/7tg3)AI(2V>.(«  A',(2>'>f/tg*) 

C,  — 

_ 

-  (H  Ig  8)  ■  h  (2  Vx(7/  -/I)  ig*)«M _ 

~M2lOTg*)-A'a(2J(x(lf-A)lg«)-/,(2  Kx(ff-ft)teS)  A. (2  l'xtftg*) 


The  angle  of  rotation  of  the  current  section  x  is,  on  the  basis  of 


Expression  (21.6)  determined  by  the  formula 


\  _  *  ~  £  Qg  P  —  />  *g  °  iiiLr  flJf)  ^ 

2£c  (j)  6  (1  —  /  ig  ft)  '  <s(x)'  dx  ’ 


(21.13) 


and  the  angle  of  rotation  of  the  first  section  —  by  the  formula 


?»<b. «) 


(<  ~  .**) 1  «g  ft -fly  ft  dM  | 

2«/»  a-ftgfi)  rfiL' 


(21.14) 


where 
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«  -3  ig  [c,/,  (2  y*n  tg « + rt a',  (2  y*//  tg  *>j  - 

=* 

-  ir ig’ * r»I<V. <2 1  ’iJTigi) - cjc, ig j)J . 


(21.15) 


Taking  Into  account  that  constants  and  Cg  are  determined  by  Formula 
(21.12),  let  us  note  that  the  displacement  <p(0,  a)  is  linearly  depend¬ 
ent  on  the  parameter  a. 

Formula  (21.13)  establishes  a  relationship  between  the  external 
load  and  the  displacement  during  the  loading  stage.  A  similar  relation¬ 
ship  for  the  unloading  stage  will  be  obtained  by  simply  changing  the 
sign  of  the  friction  coefficient  f 


9 »(<>.*)  = 


*(«gP  +  /)tgP 

2tf*6lg*«(l+/lgW 


E  rfxU’ 


(21.16) 


where 


dM\ 

d*U- 


has  a  new  va?ue 


-3tg«KTiPPi/»  tgS) 

-  IP  tg>  *  (2  y  «//  tg  l)  ~£>A  tg*)]; 


(21.17) 


here 


/,  (Lfsrti>A,(2y-(v-A)ig  *)  -/j(2yi(D-6)»f*)-A*(2y«tf  «c  *) 

„  ifftg  if1/,  (2V«(iy-»)lg»)«Af  . 

*  /,  (4‘w/  tir>-A,(2y»(//-/<)tg  *)-/«{2y«4tf-A)»g 

S(l-f/tgp) 

«gs*igp(tgp  +  /)i(t~i^)  (21.18) 

ihe  leading  and  unloading  process  for  a  pulsating  loading  cycle 
is  illustrated  by  rays  1  and  3  (see  Fig.  110),  the  beginning  of  the 
unloading  process  —  by  segment  2.  This  stage  is  characterized  by  a 
complete  absence  of  rotation  of  the  section 

9,<0,«)  =  ?i<M>. 
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The  triangular  hysteresis  loop  romed  by  segments  1,  2  and  2  per¬ 
tains  to  a  pulsating  cycle.  The  area  of  the  hysteresis  i'";p  in  determ¬ 


ined  by  the  formula 


r 


±9i("  «l[l 


9,(0.  1)1 


(21.19) 


Consideration  of  a  cycle  with  an  arbitrary  cnaracteristlc  does  not 
present  any  special  difficulty. 

As  a  more  particular  case  of  the  problem  we  can  consider  energy 
dissipation  in  a  bucket  attachment  with  a  prismatic  root.  The  displace¬ 
ment  of  the-  current  section  when  the  root  and  the  runner  are  made  from 
the  same  material  is  determired  by  the  formula 


,  .  (t-tf*  Qg  ft  -  />  tfi  ft 

?  ( * ,  *)  -  2 E^b  (i  — / lg  2)  dx  * 


(21.30) 


where  a,  b  and  1  are  the  design  dimensions  of  the  joint.  The  basic  so¬ 
lution  cf  the  problem  will  be  written  in  the  form  of  (20.13);  however, 
X  now  has  the  new  value 


2crb  j_/tgp_ 

(1  -&U 


(21.21) 


The  general  solution  of  the  basic  equation  subjected  to  the  bound¬ 
ary  conditions  (20.15)  is,  for  the  new  value  of  X,  written  in  the  form 
of  (20.16). 

Let  us  determine  the  angle  of  rotation  of  the  first;  root  section, 
to  which  the  external  load  is  applied.  On  loading 


Xl(l—  jr)  (tg  2  —  /)tg? 


(21.22) 


*<"•  *i  -  •  -V-/4  r e,h  “  •  «*• 

The  angle  of  rotation  of  the  same  first  section  during  the  unload¬ 
ing  process  is  determined  by  the  formula 

9»  (0.  «)  -  2&bE  \  -f  /  SgP 


cthofc  ■  xM 


(21.23) 


where 


.  2 *_+ /_***_ 

(1  -&U  '  <ig?+/)i«P 

The  area  of  the  hysteresis  loop  of  a  pulsating  cycle  is  determined 
by  Formula  (21.19),  into  which  Expressions  (23.21)  and  (21.23)  should 
be  substituted  with  the  corresponding  values  of  the  arguments : 


>  i(l-  **)  t 

v-—&bE - i-ndr 


(- 


>  p — /  .  1-h/tfp . 

6.  l—flg$  t gfi+f  C  tfettl 


(21.24) 


After  appropriate  transformations  this  formula  fully  coincides 
with  the  similar  formula  for  the  hysteresis  loop  obtained  for  the  case 
of  a  rigid  base. 


[Footnote] 
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The  problem  of  force  distribution  along  the  three d  loops 
was  first  solved  by  N.E.  Zhukovskiy  [5j. 


Manu¬ 

script 

Page 

No. 

162  3 

178  n 

178  a 


[Hat  of  Transliterated  Symbols] 

e  =  ekvivalentnyy  =  equivalent 
1  =  lopatka  =  bucket 
d  ~  disk  =  disk 


CONCLUSION 


The  entire  preceding  presentation  has  solved  in  subst-mce  a  series 
of  static  problems,  devoted  to  the  problem  of  the  operation  of  elastic- 
frictional  systems.  Naturally,  the  question  can  be  raised  as  to  the  de¬ 
gree  and  manner  in  which  the  above  results  can  be  applied  to  the  solu¬ 
tion  of  dynamic  problems. 

To  give  an  answer  to  this  question,  let  us  av/ell  on  the  following 
essential  circumstances. 

1.  The  assumed  simplified  concepts  about  the  nature  of  forces  of 
dry  friction  make  it  possible  to  assume  that  energy  dissipation  attend¬ 
ant  to  vibrations  is  independent  of  the  rate  of  the  process.  In  this 
sense,  the  rate  of  change  of  external  forces  acting  on  the  joint  be¬ 
comes  indifferent. 

2.  In  all  the  rroblems  with  relatively  weak  damping  (i.e.,  in  those 
cases  when  intensive  drainage  cf  the  hydraulic  damper  type  is  absent) 
energy  dissipation  plays  a  noticeable  role  only  in  the  immediate  prox¬ 
imity  of  resonance.  Therefore  the  consideration  of  friction  losses  in 
joints  has  a  practical  sense  only  ir.  the  analysis,  of  resonance  nodes. 

3.  The  complex  problem  of  the  form  of  forced  vibrations  of  systems 
with  several  degrees  of  freedom  f  ~ r  arbitrary  periodic  disturbances 
becomes  relatively  simple.  If  any  of  the  resonance  modes  is  considered. 
Actually,  here: 

a)  even  when  the  disturbing  force  Is  multi-harmonic  it  is  permissi¬ 
ble  to  take  into  account  only  the  resonance  harmonic;  by  virtue  of  the 
same  fact  it  is  possible  to  consider  a  s ingle- harmonic  vibratory  oro- 
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cess  simply  assuming  all  the  nonresonance  harmonics  as  being  absent; 

*)  the  mode  of  forced  vibrations  under  the  above  conditions  of  weak 
damping  can  be  regarded  as  coinciding  with  the  mode  of  free  undamped 
vibrations  corresponding  to  the  resonance  frequency  under  considera¬ 
tion. 

The  above  circumstances  make  it  possible  to  designate  the  follow¬ 
ing  practical  scheme  for  calculation  of  resonance  amplitude  of  vibra¬ 
tions  for  systems  with  weak  damping.* 

1.  The  frequencies  and  modes  of  free  vibrations  of  the  given  sys¬ 
tem  are  determined  on  the  assumption  that  friction  losses  are  absent. 

Let,  for  example  X(x),  the  fundamental  function  for  the  case  of 
a  vibrating  beam,  be  normalized  in  such  a  manner  that  the  deflection 
of  any  characteristic  section  is  equal  to  unity.  Then  the  deflections 
in  the  state  of  greatest  deflection  of  a  system  performing  forced  vi¬ 
brations  will  be  described  by  the  dependence 

y  -  AT  (x),  (22.1) 

where  A  is  the  amplitude  of  vibrations  of  the  above  section. 

2.  The  work  of  the  disturbing  load  per  one  vibratory  cycle  is  de¬ 
termined.  If  the  resonance  harmonic  of  the  disturbing  force  is  given 
in  the  form 

P(r.  Q  =  J>,(r)ria«rf.  (22.2) 

then  the  sought  work  amounts  to: 

i 

w  =  * A  fp.&XWd *.  (22.3) 

This  expression  is  a  generalization  of  a  formula,  determing  the  work  of 
a  concentrated  disturb ing  force 

=/>,»«  «t  (22.4) 
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on  resonance  vibrations  according  to  the  relationship 


(y(t)  is  the  displacement  of  the  point  of  application  of  force  P);  as 
we  know,  the  work  of  the  disturbing  force  per  one  vibratory  cycle  is 
this  case  equal  to  7tPqA. 

3-  The  energy  dissipation  ¥  in  the  damping  element  per  one  vibra¬ 
tory  cycle  is  determined,  but  not  as  a  function  of  the  amplitude  of 
the  force  applied  to  the  element,  but  of  the  amplitude  of  its  displace¬ 
ment;  the  latter  is  expressed  by  A  and  the  dependence 

4'  =  S'  (.1).  (22.6) 

is  thus  established. 

4.  The  work  of  the  disturbing  load  (22.3)  is  equated  to  the  ener¬ 
gy  (22.6)  and  the  simple  algebraic  equation  thus  obtained  is  then  solved. 

The  operations  by  which  the  resonance  amplitude  is  calculated  thus 
make  it  unnecessary  to  formulate  and  integrate  complex  nonlinear  dif¬ 
ferential  equations;  let  us  note  that  the  nonlinearity  inherent  tc  the 
systems  under  consideration  Influences  also  the  recommended  order  of 
calculations,  but  this  only  in  the  last  stage  of  solut'on  of  the  above 
algebraic  equation. 

As  an  elementary  problem,  let  us  consider  the  determination  of 
resonance  amplitudes  for  the  Goodman  and  Klamp  problem  5),  assuming 
that  a  mass  m  is  attached  to  the  end  of  the  cantilever  and  is  so  great 
that  it  is  possible  to  disregard  the  mass  of  the  beam  proper.  Let  as 
assume  that  a  disturbing  force  PQsin  is  aPPlied  t °  this  mass.  The 
amplitude  of  resonance  vibrations  can  be  found  from  the  energy  balance 
equation:  the  work  of  the  external  force  7tPqA  per  one  cycle  is  eaual 
to  the  dissipated  energy  f(A),  which  is  measured  by  the  area  of  the 
hysteresis  loop,  i.e.. 
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t.P^A  =  *(*)-  (22.7) 

The  area  of  the  hysteresis  loop  In  this  equation  must  be  written  as  a 
function  of  the  amplitude  of  the  displacement  A  of  the  point  of  appli¬ 
cation  of  the  external  f'-rce.  For  this  we  shall  substitute  into  Formula 
(5.17)  the  expression  for  P  from  Formula  (5.7);  then  we  will  obtain  in¬ 
stead  of  (5.17) 


(22.8) 


where  the  quantity  A  coincides  with  the  quantity  u^l)  in  Expression 
(5.7)*  Here  Eq.  (22.7)  becomes  linear;  however,  even  for  nonlinear 
dependencies  ¥(A),  as  this  takes  place  in  the  majority  of  structural 


damping  problems,  the  solution  does  not  encounter  serious  difficulty. 
Solving  Eq.  (22-7)  for  A,  we  will  get 


(22.9) 


This  expression  makes  sense  only  under  the  condition  that  the  friction¬ 
al  forces  are  sufficiently  great  >TP*\  ’  ^  the  opposite  case  the 
vibratory  amplitudes  become  infinite.  This  coincides  with  the  known  re¬ 
sult,  according  to  which  dry  friction  absorbers  are  capable  of  limiting 
the  amplitude  of  resonance  vibrations  only  for  sufficiently  large  fric¬ 
tional  forces. 

Expression  (22.9)  also  makes  possible  the  determination  of  the 
optical  value  of  compression  of  beam  layers. 

It  is  obvious  that  the  above  computation  procedure  is  rot  always 
possible.  Absorber  systems  of  the  tapered  rings  type,  i.e.,  systems 
with  quite  intensive  energy  dissipation,  require  a  more  exact  analysis, 
luckily,  it  is  namely  in  these  cases  that  the  hysteresis  loop  is  formed 
by  straight  line  segments  and  it  is  possible  to  perform  segment  by  seg¬ 
ment  solution,  as  for  separate  linear  systems,  utilizing  the  [curve] 


-  187  - 


J 


fitting  method. 

We  shall  not  dwell  on  the  details  of  this  problem,  or  on  certain 
other  problems  of  solution  of  dynamic  problems,  bearing  in  mind  that 
the  main  goal  of  the  present  book  is  to  obtain  estimates  of  structural 
damping  in  different  types  of  systems,  since  the  unavailability  of  pre¬ 
cisely  these  estimates  has  resulted  in  specific  difficulties  in  the 
formulation  of  dynamic  problems. 


[Footnote] 
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